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1 Introduction 

History The periods of automorphic forms paly an important role in the 
study of automorphic representation and related number theoretic problems. 
For example, periods of automoprhic forms can be usually used to character- 
ize certain cases of the Langlands functorial liftings of automorphic represen- 
tations. There are several powerful tools to study periods, and the theory of 
relative trace formula is one of them, which was first studied by Jacquet. In 
[Jal], Jacquet reproved a remarkable result of Waldspurger [Wal] on central 
values of L-functions of GL2 by comparing relative trace formulae on differ- 
ent groups. In [Gul], there is a partial conjecture on a generalization of this 
result. 

To be precise, let k he a number field, A be its adele ring, G = GL2n and 
H = GL„ X GL„ which is embedded into G diagonally. Let k' be a quadratic 
field extension of k, rj be the quadratic character of A^/k^ attached to k' 
by class field theory. Let Z be the center of G. For a cuspidal automorphic 
representation vr of G(A) with trivial central character, we consider the linear 
forms in and iu,r] on vr defined by periods: 



where G vr and f]{h) := rj^det h). We call tt is H-distinguished (resp. {H, rj)- 
distinguished) if £h 7^ (resp. ^h,»; 7^ 0). On the other hand, for a quaternion 
algebra D over k containing k', let G' = GL„(D) and H' = GLn{k'), both 
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viewed as reductive groups defined over k. We also view H' as a subgroup of 
G' in tlie natural way, and identify tlie center of G' with Z. For a cuspidal 
automorphic representation vr' of G'(A) with trivial central character, we 
consider the linear form iu' on n' defined by 



We can define the notion of H'-distinguished similarly. Motivated by Wald- 
spurger's result which is the case n = 1, it is conjectured in [Gul] that: 

Conjecture 1.1. If there exists such (G', H') as above and an H'-distinguished 
cuspidal automorphic representation vr' on G'(A) which is the global Jacquet- 
Langlands correspondence of a cuspidal automorphic representation vr on 
G(A), then vr is both H-distinguished and (H, 77) -distinguished. 

Moreover, it was conjectured that in the case n is odd, the converse is also 
true. However, we will not touch this direction. These periods can be used 
to study the central values L(i, 7t)L{^, it ®r]). It is showed in [FJ] that if vr 
is both H-distinguished and (H, ?7)-distinguished then L(|, 7r)L(|, tt (g)?]) 7^ 
which should has a relation with £h'(0) ^ 

In [Gul], a relative trace formula approach which is a natural extension 
of Jacquet's method in [.lal] was proposed to attack the above conjecture, 
and the first step was finished there: the proof of the fundamental lemma for 
unit Hecke functions. We will write RTF (*) for this relative trace formula 
approach for simplicity. Since we only focus on the transfer for RTF (*) and 
do not discuss the global aspect of it, we will not recall the precise form of 
RTF(*). We refer the readers to [Gul] for more details. 

There is a remarkable generalization of Waldspurger's result on another 
direction: the so called Gan-Gross-Prasad conjecture [GGP] and the refined 
version of it by Ichino-Ikeda [II] and N. Harris [Ha]. Recently, W. Zhang 
([Zhl],[Zh2]) has made a great advance towards the global Gan-Gross-Prasad 
conjecture for unitary groups by using the relative trace formulae of Jacquet- 
Rallis. One of his achievements is the proof of the transfer conjecture in p-adic 
case for Jacquet-Rallis relative trace formula, and his method is close to that 



Goal of this article In this article, we will prove the transfer conjecture in 
p-adic case for RTF (*). Please see Theorem 5.7 for the statement. Our proof 
is mainly motivated by W. Zhang's work [Zlil] on transfer for Jacquet-Rallis 
relative trace formula and Waldspurger's work [Wa3] on endoscopic transfer 
for usual trace formula. 




of [Ja2]. 
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The proof is divided into two parts. In the first part, we hnearize the 
question and reduce the linearized version to a local question around zero. 
This part is almost as same as [Zhl]. In the second part, we solve the local 
question around zero by showing the compatibility of transfer with Fourier 
transform. Since there is no partial Fourier transform here, we could not 
use the induction method of [Zhl] any more. Our discussion is more close 
to [Wa3]. We will use a global approach to solve the problem. To make 
this method available, we have to prove the representability of the Fourier 
transform of orbital integrals and exhibit "limit formulae" for the kernel 
functions as Waldspurger did in [Wa2], which is the main contribution of 
this article. 

After establishing the transfer, we remark that some partial results on 
Conjecture 1.1 could be deduced under certain local conditions on automor- 
phic representations, by using the simple relative trace formula. 

Structure of this article In §2, we set up the basic terminologies. 

Since (G, H) and (G', H') are symmetric pairs, we collect basic notions 
and results on symmetric pairs in §3. In particular, we recall the analytic 
Luna slice theorem which plays an pivotal role on linearizing the question 
and also on the descent of orbital integrals. 

In §4, we emphasize the study of symmetric pairs on (G, H) and (G', H'). 
We will give a complete description of all the descendants of the correspond- 
ing symmetric spaces and their "Lie algebras" . We will also prove Proposition 
4.4 and 4.8, which are crucial for estimating orbital integrals. 

In §5, we will introduce the main result of the article and prove the main 
Theorem 5.7 on transfer under the assumption of results proved in later 
sections. After several reduction steps, we will reduce the original question 
to the question of the compatibility of transfer with Fourier transform. This 
is the first part of the proof of the transfer conjecture. We will also prove the 
fundamental lemma for Lie algebras, which is crucial for our global approach. 

To finish the second part of the proof, we have to pay more effort on the 
study the Fourier transform of orbital integrals. One of the most important 
question is to show the representability, that is, the Fourier transform of an 
orbital integral considered as a distribution can be represented by a locally 
integrable kernel function. We will solve it in §6. The representability itself 
is also a fundamental question in the study of p-adic harmonic analysis. 

The §7 is devoted to showing limit formulae for kernel functions of the 
Fourier transform, which is an analogue of [Wa2, Section VIII]. We will also 
construct certain good functions which are transfer of each other and the 
Fourier transform of them are also transfer of each other up to a scalar. 



4 



which is an analogue of [Wa3, Proposition 8.2]. Such functions will be used 
in the later construction of certain global Schwartz functions. 

Finally, we will finish the proof in §8, based on the results of §7 and the 
fundamental lemma. 

Acknowledgements Needless to say, the monumental work of Jean-Loup 
Waldspurger on endoscopic transfer has a big influence on this article. The 
author is very grateful to Wei Zhang for suggesting this topic and sharing the 
idea that Waldspurger's method may be applied in this situation, to Binyong 
Sun for proving the Theorem 8.2 which is crucial for our method. The author 
expresses gratitude to Ye Tian for his constant encouragement and support. 

2 Notation and conventions 

Let F be a non-archimedean local field of characteristic 0, with finite residue 
field. Fix an algebraic closure F, and denote Tp = GaA{F/F). We denote 
by I ■ |i? (resp. vp) the absolute value (resp. the valuation) of F, and extend 
them to F in the usual way. Let Op he the integer ring of F and fix a 
uniformizer w oiOp- For a finite extension field L oi F, denote by Nl/p and 
Ttl/p the norm and trace maps respectively. Throughout this article, we fix 
an additive unitary character ip : F ^ . 

All the algebraic varieties and algebraic groups that we consider are de- 
fined over F except in §8. We always use bold letter to denote an algebraic 
group, italic letter to denote its F-rational points, and Fraktur letter to de- 
note its Lie algebra. Sometimes we will treat finite dimensional vector spaces 
defined over F as algebraic varieties. For an algebraic variety A, A(F) is 
equipped with the natural topology induced from F, which is a totally dis- 
connected topological space. 

For a group H acting on a set A and a subset C A, we denote by 
the set {h ■ x]x E uj,h E H}. For an element x G A, we denote by the 
stabilizer of x in H. 

For a totally disconnected topological space A over F, we denote by 
C^(A) the space of locally constant and compactly supported C- valued func- 
tions, and denote by V^X) the space of distributions on A. For / G C^(A), 
we denote by Supp(/) its support. Suppose H (an £-group) acts on A. Then 
H acts on C^{X) by 

{h ■ f){x) = f{h-' ■ x), heH, fe (A), X e A, 

and acts on 'P(A) by 

{h-TJ) = {T,h-f), Te P(A), / e C~(A). 
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For a locally constant character rj : H ^ C^, we call a distribution T G 'C(^) 
(if, 77) -invariant if h ■ T = 'r]{h)T, and we denote by V{X)^'^ the space of 
{H, ?7)-invariant distributions on X. If X is a finite dimensional space and the 
Fourier transform f f on C^{X) is fixed, for T G T>[X), we denote by T 
its Fourier transform, which is a distribution on X defined by T(/) = T{ f). 

Let G be a reductive group and G = G{F). Following Harish-Chandra, 
we define a height function || • || on G valued in M>i. We denote by q the 
Lie algebra of G. By a subgroup of G, we mean a closed F-subgroup. We 
write Ng{-) for the normalizer and Zg{-) for the centralizer of certain set in 
G, and write Z for the center of G. 

Fix a non degenerate symmetric bilinear form ( , ) on q{F), which is in- 
variant by conjugation. For each subspace f of q{F) on which the restriction 
of ( , ) is non degenerate, we equip this subspace with the self-dual Haar mea- 
sure with respect to the bi-character {{ , )). Define the Fourier transform 



We fix a neighborhood Vg of 1 in G, and a neighborhood Vg of in q{F), 
open and invariant by the adjoint actions of G, and a G-equivariant homeo- 
morphism exp : Vg — satisfying the usual properties of the exponential. 
We equip G the Haar measure such that exp preserves locally the measures 
(restriction to Vg and Vg). We define similarly a Haar measure on H for each 
reductive subgroup H in G. 

If i^' is a special compact subgroup of G, we equip K the Haar measure 
such that vo\{K) = 1. Let M be a Levi of G and P = MU is a parabolic 
subgroup with M as a maximal Levi. We equip U a Haar measure, such that 
for each / G C^(G), we have the equality 



By reversing the exp, we equip u(F) with a Haar measure compatible with 
the measure on f/, where u is the Lie algebra of U. 

At last, we recall the definition of Weil index 7^ associated to a quadratic 
space. Let g be a non degenerate quadratic form on a finite dimensional 
vector space V over F, and L C ^ an OiT'-lattice. Set i{L) = ip{q{v)/2) dv. 

Define 'j^{q) = i{L)\i{L)\~^ , which is independent of L if L C 2L where L is 
the dual lattice of L in V. 



/H^/ofC-(f) by 




Then /(X) = /(-X). 
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3 Symmetric pairs I: general cases 



In this section, we recall some basic theory and necessary results for general 
symmetric pairs. We refer the readers to [AG] and [RR] for most of the 
contents. 

3.1 Actions of reductive groups 

Fix a reductive group H and an affine variety X with an action by H, both 
defined over F. Denote H = H(F) and X = X(F). Then the categorical 
quotient X/H of X by H exists. In fact, X/H = Spec(9(X)^. Let vr denote 
the natural map X ^ X/H and X ^ (X/H)(F). 
Let X E X. We say x is 

• if-semisimple if Hx is Zariski closed in X (or equivalently, Hx is closed 
in X for the analytic topology), 

• if-regular if the stabilizer H^; has minimal dimension. 

We usually say semisimple or regular without mentioning H if there is no 
confusion. Denote by (resp. Xss) the set of regular semisimple (resp. 
semisimple) elements in X. 

If X is an F-rational finite dimensional representation of H, say a point 
X G X nilpotent if G cl{Hx). Let A/" denote the set of nilpotent elements 
in X, which is a cone. 

An open subset U C X is called saturated if there exists an open subset 
V C (X/H)(F) such that U = ti-^V). 

For X E X a semisimple element, we denote by N^^^ the normal space 
of Hx at X. Then the stabilizer acts naturally on the vector space N^^ ^. 
We call {Hx, N^^ ^) the sliced representation at x, or the descendent of x. 
We then have the analytic Luna slice theorem: there exist 

1. an open if-invariant neighborhood Ux of Hx in X with an if-equivariant 
retract p : Ux ^ Hx] 

2. an ifaj-equivariant embedding ip : p~^{x) ^ with an open satu- 
rated image such that ip{x) = 0. 

Denote Zx = p~^{x) and Nx = N^^^. We call {Ux,p,il^, Zx, Nx) an analytic 
Luna slice at x. Let y G p~^{x) and z := ilj{y). Then we have: 
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{Hx)z = Hj 



3 
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NHy,y - NhIz,z Hy SpaCCS, 

y is iJ-semisimple if and only if z is ifa,-semisimple. 
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3.2 Symmetric pairs 

A symmetric pair is a triple (G, H, 9) where H C G are reductive groups, and 
9 is an involution of G such that H = G^ being the subgroup of fixed points. 
For a symmetric pair (G, H, 9) we define an anti-involution t : G — t- G by 
L{g) = 9{g~^). Denote G'' = {g & G; L{g) = g} and define a symmetrization 
map 

s:G^G\ s{g) = gi{g). 

By this symmetrization map we can view the symmetric space S := G / H as 
an open and closed subset of G'(-F). We will consider the action of H x H 
on G by left and right translation and the conjugation action of H on G'. 

Let 9 act by its differential on g = Lie(G). Denote () = Lie(H), then P) = 
{X e g; 9{X) = X}. Denote 5 = {X e g; 9{X) = -X}, on which H acts by 
adjoint action. We will also call s the Lie algebra of S for simplicity, while 
in fact it is not a Lie algebra. We always write X'^ = ■ X = Ad{h~^)X 
for /i G H and X G s. There exists a G-invariant 6'-invariant non-degenerate 
symmetric bilinear form ( , ) on g. In particular, g = f) © s is an orthogonal 
direct sum with respect to ( , ). 

Let (G, H, 9) be a symmetric pair. Let g & G he H x iZ-semisimple, and 
X = s{g). Then we have 

L X is semisimple (both as an element of G and with respect to the in- 
action), 

2. H, ~ (ii X H)g and ~ N^^^, 

as -ff^-spaces, where is the cen- 

tralizer of x in 5{F). 

Weyl integration formula Let (G, H, 9) be a symmetric pair. Denote 
by Srs the regular and semisimple locus in s with respect to the H-action. 
We call a torus T of G 6'-split if 9{t) = t'^ for all t G T. Fix a Cartan 
subspace c of s, which by definition is a maximal abelian subspace consisting 
of semisimple elements with respect to H-action. We always assume that 
a Cartan subspace is F-rational when we mention it. Then there is an ir- 
rational 6'-split torus denoted by T~ whose Lie algebra is c. Denote by Creg 
the regular locus in c. Let T be the centralizer of c in H, which is a torus, 
and denote t = Lie(T). 

For X G Ci.cg(i^), we now introduce the factor \D^{X)\p. Consider the 
morphism 

/3:(T\H)xc — ^s, {h,X)^X^, 
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which is regular at (1,^) The Jacobian of the differential d/3 at (1,^) is 
equal to 

\D'{X)\f := I det(ad(X); [)/t©s/c)||. 

Denote by the set of roots of T~ in g. For any a G S^, since c C s, we 
have 9{a) = —a. Therefore 9 interchanges the root subspaces Qa and 0_q,. 
Fix a set of positive abstract roots in Sc, and choose a basis {Ei, E2, Ek} 
of root vectors for the direct sum of Qa with a > 0. Denote Qi = (Baes.da so 
that g = t © c © 01. Then over F, 

• {Eu E2, Ek} U {e{Ei), e{E2), e{Ek)} is a basis for q,; 

• {El - 6{Ei), E2 - 9{E2), -Efc - 6{Ek)} is a basis for Si := s n 0i; 

• {El + e{Ei), E2 + e{E2), Ek + e{Ek)} is a basis for := n Si. 

Under the adjoint action, elements of c map {)i to Si and vice versa. There 
is an involution g on Qi whose +l-eigenspace is ©a>o0a and whose — 1- 
eigenspace is ®a<oQa- Then g interchanges 5i and and g commutes with 
ad(X) for X in c{F). Thus we have 

\D%X)\f = |det(^oad(X);f)/t)|^ = | det(^ o ad(X); s/c)|i.. 

For a Cartan subspace c, let M be its normalizer in H, := M/T be 
its Weyl group. The map 

{T\H) X Creg(F) ^Srs(F) 

obtained from /3 by restriction is a local isomorphism of p-adic manifolds 
and its image, denoted by sj^, is open in s{F). The fiber of (3 through 
{h,X) e {T\H) X Creg{F) has \W,\ elements. We have 

c 

where the union runs over a (finite) set of representatives c for the set of 
i?-conjugacy classes of F-rational Cartan subspaces in s. Then, for / G 
C^{s{F)), we have the following Weyl integration formula 

/ f{X) dX = Y,T^ [ \D'iX)\F [ dh dX. 

Js(F) ^ JcrcgiF) Jt\H 
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Nilpotent cone Denote by M the nilpotent cone of s(-F), which consists 
of finitely many iJ-orbits. Denote by Mq the union of all if-orbits in M of 
dimension < g, which is closed in Mq+i. 

Fix Xq 7^ in M . Denote by Xq the i7-orbit of Xq, and the central- 
ize! of Xq in f)(-F). Let r = dimf)xo- Then Xq is of dimension — r, and 
is open in M^rfl-r- 

Lemma 3.1. There exists a group homomorphism : SL2 — G such that 

Proof. See [AG, Lemma 7.1.11]. □ 

We denote d(Xo) = d0 '^l)) ^'^^'^^ often write 

d = d(Xo) when there is no confusion. For any X G 3{F) (resp. X G q{F)), 
we denote by Sx (resp. Qx) the centralizer of X in 5(F) (resp. q{F)). 

Lemma 3.2. We have 

Sy, © [Xo, 1){F)] = 5(F), Sx, © [n, = 5(F). 

Proof. The first direct sum decomposition follows from the relations 

Qyo © [Xo,dm = 0(^) and g(F) = f)(F) ©5(F). 
Similar for the second one. □ 

Let r be the Cartan subgroup of H with the Lie algebra F ■ d(Xo), and 
let ^ be the rational character of F defined by 

xj = e(7)^o, v = r'(7)n, 

which is not trivial. Let r' = dim Sy,. The lemma below is obvious. 

Lemma 3.3. We can choose a basis Yq = Ui, U2, Ur' for Sy^ and rational 
characters ^1,^2, ■■■,^r' o/F such that 

1. e- =e^%A. >o, 

2. ad(-d)t/i = XiUi, 

3. = er^(7)^i, for alll<i< r' . 
Denote 



m 




iTr(ad(-d)Uj 
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4 Symmetric pairs II: specific cases 



Now we focus on the symmetric pairs concerned in this article. The notations 
introduced here will be used without mention from now on. 

4.1 (G,H) 

Let G = GL2„ and H = GL,„ x GL„, both defined over F. H is viewed as a 
subgroup of G by embedding it into G diagonally. Let e = ( V ^-t ] ^"^^ 



. -1„, 

define an involution 6* on G by 6{g) = ege. Then H = G^, s = 0[„ (Bgln, and 
H acts on s{F) by 

{h,,h2) ■ {X,Y) = ihXh^^h^Yh^'), 

where (/ii,/i2) e H, (X, F) G s{F). Recall that we write X'' = h'^ ■ X for 
h & H, X & s{F). We fix a non degenerate symmetric bilinear form ( , ) on 
q{F) defined by 

(x,r) = tr(xr), x,rGfl(F). 

Then ( , ) is both G-invariant and 6'-invariant. 

Since H\F, H) is trivial, we have S = S{F) where S := G/H,S := G/B.. 
We identify S with its image in G''(-F) by the the symmetrization map s. 
When we want to emphasize on the index n, we write G„, H„, 6n,3n- 



Descendants Now we describe all the if-semisimple elements of S and 
s{F) and their descendants. 

Proposition 4.1. 1. Each semisimple element x of S is H-conjugate to 
an element of the form 



1 ^ 








A ~ Im 





\ 




































-A + Im 








A 




















Ini 





V 














~ln2 / 



withn = m + ni + n2, A G glm{F) being semisimple without eigenvalues 
±1. Moreover, x{A,ni,n2) is regular if and only if ni = n2 = and A 
is regular in 0[„,(-F) without eigenvalue ±1. 
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2. Let X = x{A,ni,n2) in S be semisimple. Then its descendant (H^jS^) 
is isomorphic to the product (as a representation) 



n2, 



Here GLm{F)A o,nd Q\m{F)A is the centralizer of A in GLm{F) and 
glm{F) respectively, and GLm{F)A acts on Qlm{F)A by conjugation. 

Proof. See [JR] or [Gul] for the first assertion. The second assertion can be 
proved by a direct computation. □ 

Proposition 4.2. 1. Each semisimple element X of 5{F) is H -conjugate 
to an element of the form 



X{A) 



/O 1,„ 0\ 



A 

\0 0/ 



with A G GLm(F) being semisimple. Moreover, X{A) is regular if and 
only if m = n and A G GL,„(F) is regular. 

2. Let X = X{A) in s{F) be semisimple. Then its descendant {Hx,3x) 
is isomorphic to the product (as a representation) 



Proof See [JR]. □ 

Nilpotent cone Fix Xq 7^ in the nilpotent cone J\f of s(-F), and let 
{Xq, d, Yq) be an st2-triple as before. Recall d = d(Xo). 

Lemma 4.3. We have dimsy^ = dim[)xo = f- 

Proof. It follows from Lemma 3.2 and the relation 

dim [)xo + dim[Xo, \){F)] = dim = dims(F). 

□ 

In [JR, §3], f)xo is well studied, and an upper bound for Tr (ad(d)|f,y^J 
is given there. By a minor modification, the structure of Syq can also be 
determined by the method of [JR]. For our purpose, we want to compare 
r+m with n'^ + ^ where r = dimsy^ and m = |Tr (ad(— d)|sy^). The following 
inequahty will be used in §6.3. 
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Proposition 4.4. We have the relation 

1. r > n, 

2. r + m> n'^ + ^. 

Proof. Write Y = Yq for short. Let V = Vo®Vi, where Vi = F'',0 < i < 1. 
We identify 0(F) = Hom(V,l^), f)(F) = Hom(V^o, K)) © Hom(V^i, and 
s(F) = Hom(Vi, Vo) © Hom(Vo, Vi). Given Y, there is a decomposition V = 
Wi © W2 © ■ ■ ■ © Wk, where each Wi is an indecomposable F[F]-submodule. 
We can choose a generator Zi of Wi such that Zi is in either Vq or Vi. Define 
deg(^i) = if 2;^ e Vo, otherwise deg{zi) = 1. Denote Wi = dimVFj. There is 
an isomorphism from Sy^ to some space 

2 = (Bi<ij<kSij. 

Now we describe Sij precisely. An element bij G Sij is in F[X]/ (X^^) of the 
form: 

1- bij{X) = X]max{uij-«)i,0}<^<uij 

2. = when 5^5^- = (-1)^ where 6i := (-l)dcg(^.). 

We define an operator p(d) := X-^ on and an endomorphism p(d) on 

Z by restriction. Each is an invariant subspace of p(d). Denote 

Tii = dimS'ii, ma = Tr (p(d)|s,J 

for 1 < i < k, and 

r^j = dim Sij + dim 5^^, ruij = Tr {p{d)\s,^) + Tr (p(d) I^^J 
for 1 < i < j < k. Then 



l<j<fc l<i<j<k l<i<k l<i<j<k 



The following lemma gives a complete list of rii,rij,mii and mjj. One can 
obtain it by the above description and direct computation. 

Lemma 4.5. 1. For I < i < k, if Wi = 2pi or 2pi + 1, we have 

^ii Pii ITT'ii Pi ■ 

2. For 1 < i < j < k, we have 
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Wi,Wj 


5i5j 


rriij 


'f'ij 


Wi = 2pi, Wj = 2pj 


1 




2m\n{pi,pj) 


Wi = 2pi, Wj = 2pj 


-1 


2piPj - 2mm{pi,pj) 


2min(pi,pj) 


Wi = 2pi, Wj = 2pj + l,Wi < Wj 


±1 


2piPj 


2pi 


Wi = 2pi, Wj = 2pj + l,Wi> Wj 


1 


2piPj + 2{pi- pj) - I 


2pj + 1 


Wi = 2pi, Wj = 2pj + l,Wi > Wj 


-1 


2piPj 


2pj + 1 


Wi = 2pi + 1, Wj = 2pj + 1 


1 


2piPj 


2min{pi,pj) 


Wi = 2pi + 1, Wj = 2pj + 1 


-1 


2piPj + 2sup(pi,pj) 


2mm{pi,pj) + 2 



Now we continue to prove the proposition. 

(1) The first inequahty of the proposition can be read off from the above 
list. It is not hard to see that r = tt, if and only if = and y^n-i _^ g 

(2) For the second inequality, compare the proof of [JR, Lemma 3.1]. We 
denote by u the number of indices i such that Wi is odd and 5j = 1, which is 
equal to the number of indices j such that Wj is odd and 5j = —1. Then 

n = u+ Pi, 

l<i<k 

where Wi = 2pi or 2pi + 1 as in the above table. Thus 

5^ P^) + 5^ P- +2 Yl P^Pr 

,l<i<k J l<i<k l<i<j<k 

On the other hand 

is determined by the data 

We now induct on the number of indices i so that Wi is even. First assume 



r, n 9 n / l\ 

n + - = ?i H h 2 n + - 

2 2 1 2/ 
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all the integers Wi are odd. Then it is not hard to see that 



r + m= ^ (p- + Pi) + 2 ^ piPj + 2 ^ mm{pi,pj] 

l<i<k l<i<3<k l<i<3<k, Si5j = l 

+ 2 ^ (sup(pi,pj) + min(pi,pj) + 1) 

l<i<j<k, 5iSj=~l 

= X](Pi+Pi) + 2 ^ PiPj + 2 mm{pi,pj] 

l<i<k l<i<j<k l<i<j<k, SiSj = l 

+ 2u Y Pi + Iv? 



\<i<k 

>2m2 + (2m + 1) ( 5^ j + 5^ p^^2 PiP^ 

\l<i<k / l<i<k l<i<j<k 

r, n 

>" + 2- 

Now we can arrange the data so that Wk is even. If A; = 1, then wi = 2n 
and r + m = + n which is strictly greater than + ^. By induction on 
the number of indices i with Wi even, we may assume that the inequality is 
proved for the data ...,Wk-ii5k-i)- By the induction hypothesis, the 

contribution of the indices with l<z<j</c — lis strictly greater 
than n'^ + y where 

n' = u+ Pi. 

l<i<k 

Therefore we have to show that the sum of the contributions + rriik of the 
pairs (i, k) with i < k is greater than or equal to 



n +--n -y=Pfc + y + 2 2^ PiPk + 2up, 

l<i<k 



The contribution of the pair (/c, fc) is pi + pk > pI ~^ Now consider the 
contribution of a pair {i, k) with i < k. It is always greater than or equal to 
2piPk when Wi = 2pi. When Wi = 2pi + 1, it is always greater than or equal to 
2piPk + 2pk (called good case) except when Wk > Wi and 6i6k = —I (called bad 
case). It contributes at least 2piPk in bad case. However it doesn't matter 
when bad cases happen. Since if bad cases happen u' times with 6i = —6k, 
good cases happen at least u' times with Wj such that Wj = 2pj + 1 and 
Sj = Sk, which contribute at least 2u'pk + '^j 2pjPk. This concludes the proof 
of the proposition. □ 
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4.2 (G',H') 



Let E = F(v A) be a quadratic extension field of F, D a quaternion algebra 
over F containing E. Let r] be the quadratic character of F^ associated to 
E by the local class field theory, and denote by a the non trivial element in 
Gal{E / F) . Sometimes we also write x ^ x for x t— a{x). Let G' = GLn(D), 
H' = GLn{E), both viewed as reductive groups defined over F. We can 
write G' and H' in a more concrete form. There is a 7 G -F^ such that, if we 
denote by L^ the algebra 



A -fB 
B A 



A,BeQUE) 



then G' = G'{F) = L^ and H' = H'(F) consists of the ones with B = 0. We 
will always consider G' and H' in such a form. Note that if 7 G Ne/fE^ , then 

G' ~ GL2n- Fix a square root 5 of A in E. Let e' = (^^^ ] , and define 



-Sin, 

an involution 6 on G' by e{g) = e'ge'~\ Then H' = G'^. Let q' = Lie(G'), 
f)' = Lie(H'), and s' be the space attached to 9 such that g' = P)' © s'. 

Then s'{F) is the space | (j^ ; S G sl„(F)|. If we identify s'(F) with 

gln{E), then H' = GL„(E) acts on s'{F) by h ■ X = hXh-\ which is the 
cr-twisted conjugation. We fix a non degenerate symmetric bilinear form ( , ) 
on g'{F) defined by 

=tr(xr), x,YeQ'{F). 

By definition, it is easy to see {X, Y) G F. Then ( , ) is both G"-invariant 
and ^-invariant. 

Since H^F^W) is trivial, we have S' = S'{F), where S' := G'/H',S' := 
G'/H'. We identity S' with its image in G"(F) by the symmetrization map 
s. When we want to emphasize on the index n, we write G^, H^, Qn-,^n- 

Before we continue, we recall some basic facts on the norm map in theory 
of base change. If x G GL„(£'), we write N(x) = xx, which is called the norm 
of X. If X G GL„(i?), N(x) is conjugate in GL„(£') to an element y of GL„(F), 
and y is uniquely determined modulo conjugation in GL„(F). We denote by 
N(GL„(£')) the subset of GL„(F) consisting of element y satisfying that there 
is X G GL„,(£') such that y is conjugate to N(x). In fact, if y G N(GL„(_E)), 
there is x G GL„(£') such that y = xx. 

Descendants Now we describe all the if'-semisimple elements of S' and 
s'{F) and their descendants. 
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Proposition 4.6. 1. Each semisimple elements y of S' is H' -conjugate 
to an element of the form 



y{A,ni,n2) 



with A G glm(-^) being semisimple such that — 1^ G 7N(GLm(£')) 
and B G GL„i{E) is a fixed matrix such that A^ — = '~fBB, AB = 
BA, and n = m + ni + n2. Moreover, y{A, ni, 71.2) is regular if and only 
if ni = n2 = and A is regular in without eigenvalue ±1. 

2. Let y = y{A,ni,n2) in S' be semisimple. Then its descendant {Hy,Sy) 
is isomorphic to the product (as a representation ) 

{Ghm{E)AnGLl^{E)B.Qim{E)AnQUE)B) X X 

Here 

GL^(^)b := {h G GL„,(^); HB = Bh] , 

qUE)b := {X G sL(E); XB = BX] , 

and GL^(£')b o,cts q['^{E)b the space by a-twisted conjugation. 

Proof. See [Giil] for the first assertion. The second can be proved by a direct 
computation. □ 

Proposition 4.7. 1. Each semisimple element Y of5'{F) is H'- conjugate 
to an element of the form 

/O 





Y{A) 



B 



75 











where A G GLm(F) is semisimple such that A G 7N(GLm(i?)) and 
B G GLm{E) is a fixed matrix such that A = ^BB. Moreover, Y{A) 
is regular if and only if A & GL„(F) is regular. 



2. 



Let Y = Y{A) in s'{F) be semisimple. Then its descendant (ify,Sy) 
is isomorphic to the product (as a representation) 

{GI.I,{E)b,qUE)b)^{K 

Proof. See [Gti2] for the first assertion. The second assertion can be proved 
by a direct computation. □ 
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Nilpotent cone Fix Xq 7^ in the nilpotent cone M of s'(F). Still let 
(Xq, d, Yq) be an s[2-triple as before. It is also true that dim Sy^^ = dim f)^^ =: 

r. Denote m = ^Tr ^ad(— d)!^'^ j . We still want to compare r+m with n^ + |, 
which is easier in this case. 

Proposition 4.8. We have r + m > + f and m' < where m' = 
iTrfad(-d)|,; 







Proof. Write Yq = g j ■ Changing (Xq, d, Y^) to any triple in the H'- 

orbit of (Xo,d, yo); ''^ and m is unchanged. By [Gu2, Lemma 2.2], we can 
choose A to be in the Jordan normal form. At the same time, we can also 
choose d to be in g[„(F). In such situation, it is easy to see that there is 
a d-equivariant isomorphism Sy^ ~ f^y^^. Thus r = r' and m = m', where 
r' = dim f)y^. Since g'y^ = f)yj ©Sy^, we have m + m' = | (4n^ — r — r'). Thus 
we get m = J {4rP — 2r) and r + m = + |. The inequality r > 2n implies 
the lemma. □ 



5 Transfer 

In this section, we will introduce the main problem concerned in this arti- 
cle: transfers of Schwartz functions on different symmetric spaces, which are 
determined by orbital integrals. Theorem 5.7 is the main theorem of this 
article. We will prove it under the assumption of the results that will be 
proved in the future sections. 

5.1 Definitions 

Matching of orbits We first recall the matching of orbits on symmetric 
spaces S and S', and also on Lie algebras s and s'. 

Proposition 5.1. 1. For each semisimple element y of S' , there exists 
h G H{E) such that hyh~^ belongs to S. This establishes an injection 
of the H' -semisimple orbits in S' into the H -semisimple orbits in S, 
which carries the orbit of y{A,ni,n2) in S' to the orbit of x{A,ni,n2) 
in S. 

2. For each semisimple element Y of 5'{F), there exists h e H{E) such 
that hYh~^ belongs to s{F). This establishes an injection of the H'- 
semisimple orbits in s'{F) into the H-semisimple orbits in 5{F), which 
carries the orbit ofY{A) in s'(F) to the orbit of X{A) in s{F). 
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Proof. See [Gul] for tlie first assertion, and tlie second can be proved in tlie 
same way. □ 



Definition 5.2. We say y ^ S' (resp. Y G s'{F)) matclies x & S (resp. 
X G s{F)) and write x ^ y (resp. X ^ Y) ii the above map sends tlie orbit 
of y (resp. Y) to tlie orbit of x (resp. X). 

We denote by N(S'jJ the subset of S consisting of elements x such that 
there is y G S'j.^ such that x ^ y. Then N(S'^s) is an open set of S. Similarly, 
we can define N(s(.s(-F)), which is also an open set of s{F). 



Transfer factors To state our results on transfer, we need to define trans- 
fer factors for the symmetric pair (G, H, 6) and its descendants. In general, 
the transfer factor is defined as follows. 

Definition 5.3. Let a reductive group H act on an affine variety X, both 
defined over F. Suppose for all regular semisimple a; G X = X(F), the 
stabilizer is trivial. Let 77 be a quadratic character of H. Then a transfer 
factor is a smooth function k : Xj.^ — )■ such that n{x^) = ?7(/i)k(x). 

For convenience, we now give an explicit definition of transfer factors as 
following: 

1. type {H,S): for x = G S regular semisimple, define k{x) : = 
r/(det(S)); 

2. type {Hn,5n)- for X = ( ^ J G Sn{F) regular semisimple, define 



/€(X) :=r/(det(A)); 



3. type {GLm{F) A, 0^m(-^)A)• we define k to be the constant function with 
value 1. 

In the cases (1) and (2), 77 is the non-trivial quadratic character on F^ 
associated to E, while in the case (3) 77 is the trivial character. 



Transfer Now we can give a definition of transfer and state the main result 
of the article. 

Definition 5.4. For x G S,:s (resp. x G Srs(-^)) and / G C^{S) (resp. 
/ G C^(s(F))), we define the orbital integral to be 

0^^,/):= / f{x%{h)dh. 
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For y e (resp. y G and /' G C^{S') (resp. /' G C^{s'{F))), we 



Definition 5.5. For /' G C^{S') and / G ^^(5"), we say / is a transfer of 
/' if for eacli x G S^-s 



Similarly, we can define transfer for /' G C^(s'(F)) and / G C^(s(F)) witli 
respect to tlie transfer factor k. 

Remark 5.6. For x E S semisimple and y & S' semisimple sucli that x y, 
we can also define transfer from C^(s^(F)) to C^{Sx{F)) determined by 
the orbital integral with respect to the action of on s^iF), the action 
of H'y on Sy{F), and the transfer factor k, defined as above. Similarly, for 
X G s{F) semisimple and Y G 5'{F) semisimple, we can also define transfer 
from C^ls'yiF)) to C^{5xiF)). 

Theorem 5.7. For each f G C^{S'), there exists an f e C^{S) such that 
f is a transfer of f . 

We will show later that this theorem is implied by the following theorem. 

Theorem 5.8. For each f G C^(s'(F)), there exists an f & C^{s{F)) such 
that f is a transfer of f . 

5.2 Fundamental lemma 

In this subsection, we will prove the following fundamental lemma, which is 
an important example of transfer and also a crucial lemma for us to prove 
Theorem 5.8 by using global method. 

Now assume that 7 = 1, F is of odd residual characteristic and E is un- 
ramified over F. Let / G C^{s{F)) and /' G C^{s'{F)) be the characteristic 
function of the standard lattices 



define the orbital integral to be 





t,{x)0^{x,f) 



0{y, /'), if there is y E S'^^ such that x ^ y, 
0, otherwise. 



L = qUOf) © QlniOp), L' = glniOE) 



respectively. 
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Lemma 5.9. Notations are as above. Then for an element X in 5y-s{F), we 
have 



K{X)0^{X,f) 



0{Y, /'), if there is Y e 5[^{F) such that X ^ Y, 
0, otherwise. 

In other words, f is a transfer of /'. 



Remark 5.10. The group version of the above fundamental lemma was 
proved in [Gul], and actually our result can be deduced from the proof of 
that. 

Proof. It suffices to consider X of the form "^"^ with A E GL„(F) being 
regular semisimple. Then we have 

O'^iX, f)= [ f{h^'h2, h^'Ah,)ri{h,h2) dh^ d/is 

JHx{F)\H{F) 

f{h2,h^^h^^Ahi)r]{h2) d/i2 dhi. 

(GL„ (F) A \GL„ (F) ) X GL„ (F) 

Let K = GLniOp) and K' = GLniOs). For r = (nj) e Qin{F), put 
\r\ = maxi j\ri jlp. Then for r, t G 0ln(-^); fif^^t) 7^ if and only if |r| < 
1, |t| < 1. Let $A be the characteristic function of the set of (r, t) G GL„(F) x 
GL„,(F) satisfying \r\ < 1, |t| < 1 and |det(rt)|i;' = jdetAji;'. Then ^ 
C^{GLn{F) X GL„(F)) and bi-K- invariant for both r and t. Let "^a be the 
function on GL„(F) defined by 

^a(^7)= / <^Aih,h-'gMh)dh. 

Jgl„{f) 

Then "^a £ Cr'(GL„(F)), bi-fC-invariant (that is, "^a is a Hecke function), 
and 

0'^{XJ)= [ ^A{9-'Ag)dg. 

JGL„(F)a\GL„(F) 

^^^={1 0) Wehave 

o(y,/')= / f'{h-'Bh)dh. 

JGhl{E)B\Gh„{E) 

Let \E'b be the characteristic function of the set of r G GL„(£') satisfying 
\r\ < 1 and |detr|^ = \det B\f. Then G C;?°(GL„,(E)), bi-K'-invariant, 
and 

o(r,/0= / ^iiB{h-'Bh)dh. 

JGL-(F)s\GL„(F) 
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Denote by 

be : 7^(GL„(E), K') n{GK{F), K) 

the base change map between two spaces of Hecke functions. Then, in fact, 
it was shown in [Giil, Corollary 3.7] (can be read off from the proof of 
Proposition 3.7 loc. cit.) that ^ = if A ^ N(GL„(^)), and = bc(^'ij) 
a A = BB. Hence the lemma follows. □ 

5.3 Reduction steps 

The main aim of this subsection is to reduce the existence of transfer for 
symmetric spaces to the existence of local transfer around for Lie algebras. 
The reduction steps here are similar as the process of [Zlil, Section 3]. 

Descent of orbital integrals The following result essentially is [Zhl, 
Proposition 3.11], whose proof is also valid here. 

Proposition 5.11. Let X he any one of S, S' ,s{F) or 5'{F). Let x E X 

be semisimple and let {Ux,p, ip, Z^, N^) be an analytic Luna slice at x. Then 
there exists a neighborhood ^ C tplp^^lx)) of in with the following 
properties: 

1. for every f G C'^{X), we may associated to an fx € C^{Nx) such that 
for all semisimple z E E, with z = tp{y) such that rjluy = 1 we have 

f fiy''Hh)dh = f fxiz'^Uh)dh; 

JHy{F)\HiF) JHyiF)\H^iF) 

2. and conversely, for each f^ G C^i^Nx), we may find an f in C^{X) such 
that above equality holds for all semisimple z E ^ such that r]\Hy = 1- 

Here H = H' and t] = 1 when X is in S' or s'{F). 

Reduction to local transfer Denote by Q the common base S /H ~ 
iS'/H' as an affine variety, and denote by q the common base s/H ~ s'/H' 
as an affine variety. We identify. Denote by vr for all the natural projection 
maps, for example, vr : S* — )■ Q{F), vr : s(F) — > q(-F). 

Definition 5.12. Let X be any one of S,S',s{F) or s'(F), and let Q be 
Q{F) or q(-F) according to X. 
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1. Let <I> be a function on Qrs which vanishes outside a compact set of Qrs- 
For X G Q, we say that $ is a local orbital integral around x, if there 
exists a neighborhood U of x and a function / G C^{X) such that for 
all y G t/rs and ^ with 7r{z) = y we have 

$(y) = «:(z)0''(z,/). 

2. For / G define a function 7r*(/) on Qrs to be: 

7r*(/)(a;) = 



K{y)0^{yj), if xG7r(X), y G 7r-i(x), 
0, otherwise. 



Here k = 1 and 77 = 1 when we consider S' or 5'(-F). 

The following result is [Zhl, Proposition 3.8]. 

Proposition 5.13. Notations are as above. Let $ be a function on Qrs which 
vanishes outside a compact set S of Q. If ^ is a local orbital integral at each 
X G S, it is an orbital integral. Namely there exists f G C^(X) such that for 
all y G Qrs, o,nd z with 7r(z) = y we have 

^y) = K{z)0'^{zJ). 

Definition 5.14. For x G Q{F) (resp. x G (\{F)), we say that the local 
transfer around x exists, if for each /' G C^{S') (resp. /' G C^(s'(F))), 
there exists / G C^{S) (resp. / G C^(s(F))) such that in a neighborhood of 
X, the following equality holds: 

Mf) = Mf)- 

Corollary 5.15. To prove Theorem 5.7 or Theorem 5.8, it suffices to prove 
the existence of local transfers around all semisimple elements of Q{F) or 

Proof. This is a direct consequence of Proposition 5.13 and the fact that 
QiF) = Ux semisimple ^ud q(>) = J, semisimple^-' ^here is any neigh- 
borhood of X. □ 



Reduction to local transfer around zero 

Lemma 5.16. To prove the existence of local transfer around a semisimple 
element z G Q{F\ it suffices to prove the existence of transfer for the sliced 
representations (^Hx.Nfj^ J) and (^H'y, N^,y yj where x G S,y E S' such that 
7i{x) = n^y) = z. The same result holds for local transfer with respect to q. 
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Proof. This result partially follows from Proposition 5.11 and the fact that 
for /' G C^(S") the function 7r*(/') is locally constant on Q'^^ and the similar 
fact for / G C^{S). The left is to prove Lemma 5.19 ahead, which shows the 
compatibility of transfer factors under descent. □ 

Lemma 5.17. 1. Given A G 0lm(-^) semisimple such that — 1^ = 
'jBB,AB = BA with B G GLm{F), the transfer holds for the sliced 
representations 

(GL^(F)^,gL(F)^) and (GL,„(E)a n GL^(E)b, 0U(E)a n gl^XE)^) • 

2. Given A G GLm{F) semisimple such that A = ^BB with B G GLjn{E), 
the transfer holds for the sliced representations 

(GL„(F)a,sL(F)a) and (GL^(E)b, 0[^(^)b) 

Proof. We prove the second assertion, while the first assertion can be proved 
similarly. We can assume A is of the form diag(Ai, A2, A^) such that 

k 

1=1 

where Fi = F[Ai] is a field and Ai is in the center of GLmXFi)- For 
each 1 < i < k, let Li = E ®_f F^. Since A G N{GLm{E)), there exists 
Bi G GLm.{Li) such that Ai = N(i?j) for each i. We can choose B to be 
diag(i?i, i?2, -Bfc)- Then GL^.(Lj)5^ is an inner form of GLm^(Fj), and 
GL]^{E)b = ntiGL^^(Li)B.. For X G 0[^(^)b, it is easy to see that 
XB G Qim{E)B,a, where 

QUE)B,a = {Ye QUE); YB = BY} , 

which is the Lie algebra of GL'^{E)b. For X e qI'^{E)b and h G GL'^{E)b, 
we also have h~^XhB = h~^XBh. Therefore, by timing B we get a GL^(i?) b- 
equivariant isomorphism 

where GL^(£') acts on Qim{,E)B,a by conjugation. Since the transfer between 
GLm(Fj) and its inner forms is known, we completes the proof. □ 

Proposition 5.18. To prove the existence of local transfers around all semisim- 
ple elements of Q{F), it suffices to prove the existence of the local transfer 
around zero. 

Proof. This follows from Lemma 5.16 and 5.17 above, and the classification 
of all the sliced representations (or descendants) for {H, S), {H' , S'), {H,s) 
and(i/',s'). □ 
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Explicit analytic Luna slices We now describe explicit analytic Luna 
slices at semisimple elements of S or s{F), which actually can be read off 
from [JPv]. 

First let X G s(F) be semisimple. Write s{F) = Sx ®Sx, where is the 
orthogonal complement of Sx in 5{F) with respect to ( , ). Set 

Z = [^esx; det ([ad(X + O'lLx) 7^ o} , 

which is a non-empty open set of Sx and invariant under Hx- Let Zx = 
{X + ^; ^ G Z}, and consider the map 

(f):HxZx^5{F), {h,X + O^Adh{X + 0, 

which is everywhere submersive. Let Ux be the image of 0, which is an open 
if-invariant set in s{F). Then Zx and Ux is what we want, and ip is the 
natural map: 

^fj-.Zx-^Sx, X + ^^e 

Next let X G S" be semisimple. Write x = s{g) for some g & G, where s is 
the symmetrization map. Consider the map 

(I): H xG.,x H — >G, {h, ^, h') ^ high', 

and let Z' be the set of ^ such that is submersive at (1, ^, 1), which is also 
the set of ^ in G^ such that 

det([l-Ads(e(7)]|gx) ^0. 

Let 

W = {Xe 5^; det(l + X) det(l - X) ^ 0}, 
which is an open neighborhood of in s^. Consider the Cayley transform 

X:W' — >G^, X ^ {1 - X){1 + X)"\ 

and denote by V the image of W under A. Put Z = Z'CiV and W = X~^{Z). 
Let Ux be the image of (f){H x Z x H) under the symmetrization map s, and 
Zx be the image of 0(1 x Z x 1) under s. Then Zx and Ux is what we want. 

Lemma 5.19. Let x G S* (resp. X G s{F)) be semisimple. Then we may 
choose an Hx-invariant (resp. Hx-invariant) neighborhood of x (resp. X) 
such that for any regular semisimple y in this neighborhood, K,{y) is equal to 
a non-zero constant times K{ilj{y)). 

This lemma follows from the above construction and a direct computation 
by choosing x = x{A,ni,n2) and X = X{A) in a standard form. We omit 
the proof here. 
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5.4 Proof of Theorem 5.7 

Now we can prove Theorem 5.7 with the help of the following two theorems. 
The the whole left of the article is aimed to prove the first one. We define 
the Fourier transform / i— )• / on C^{s{F)) (resp. C^(s'(F))) with respect to 
the fixed bilinear form ( , ) and additive character ip. 

Theorem 5.20. There exists a constant c ^ satisfying that: if f & 
C^{s{F)) IS a transfer of f e C^{5\F)), we have 

k{X)0\xJ)=c-0{yJ') 

for any X G Srs(-F), Y G 5[^{F) such that X -v^ Y , in other words, f ■ ly is 
a transfer of cf where V is s{F) — N(s^g(F)). 

Theorem 5.21. Denote hy M the nilpotent cone of either s{F) or 5'{F). 

1. Let T e V{5{F))"''^ such that Supp(T) C M and Supp(f ) C M. Then 
T = 0. 

2. Let T e V{5'{F))"' such that Supp(T) C and Supp(f ) C Af. Then 
T = 0. 

Proof. The first assertion is proved in [.TR, Proposition 3.1] when rj is the 
trivial character, while the same proof goes through for the quadratic char- 
acter rj. The same proof is also valid for the second assertion, noting the 
relation m' < r? in Proposition 4.8. □ 

The following corollary is a direct consequence of the above theorem (cf. 
[Zhl, Corollary 4.20]). 

Corollary 5.22. 1. Let Co = nrker(T) where T runs over all (if, 77)- 
invariant distributions. Then each f G C^(s(-F)) can be written as 

/ = /o + /i + /2, 

with fo G Co and fi G C^{s{F) -Af), i = l,2. 

2. Let Co = nyker(T) where T runs over all H' -invariant distributions. 
Then each f G C^{s'{F)) can be written as 

/ = /o + /i + /2, 
with fo G Co and fi G C^{s'{F) - TV), i = l,2. 
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Finally we can prove Theorem 5.7. 

Proof. By the several reduction steps before, we can show the existence of 
transfer for /' G C^{s'{F) — A/"). By the above corollary, it suffices to show 
the existence of transfer for /' with /' G C^{s'{F) —J\f), which is guaranteed 
by Theorem 5.20. □ 

6 Representability 

For X G Srs(-F), it's more convenient to consider the normalized orbital 
P{XJ) := \D^{X)\-^0^{XJ) f G C^{s{F)). 

Similarly, for Y G s[^{F), we consider the normalized orbital integral 
I{YJ') := \D^\Y)\^0{YJ'), f G CT{5'{F)). 

It's no harm to consider transfer with respect to normalized orbital integrals 
instead of orbital integrals, since iiX ■^Y it's not hard to see that \D^{X) \ = 
\D^ {Y)\. The Fourier transform of the orbital integral is defined to be 

P{XJ) = P{XJ). 

For Y G s^s(-F), we define ly similarly. 

To prove Theorem 5.20, we first need to study the Fourier transform of 
orbital integrals. In this section, we will prove the following fundamental 
theorem on the representability of and Jy. 

Theorem 6.1. 1. For each X G s^siF"), there is a locally constant H- 
invariant function i\ defined on Srs(-F) which is locally integrable on 
5{F), such that for any f G C^{s{F)) we have 

P{XJ)= [ ?l,{Y)K{Y)f{Y)\D'{Y)\-'/' dY 

Js{F) 

2. For each X G 5'^^{F), there is a locally constant H' -invariant function 
ix defined on 5'^^{F) which is locally integrable on s'{F), such that for 
any f G C^{s'{F)) we have 

T{XJ) = I lx{Y)f{Y)\D^'{Y)\-"^ dr. 

Jb'{F) 
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We will also denote by ii{X,Y) (resp. i{X,Y)) for (resp. ix{Y)), 

which is viewed as a function on Srs{F) x Srs(F) (resp. s[,g(F) x sJ,g(F)). 
Then it is not hard to see that i^{X, Y) (resp. i{X, Y)) is locally constant on 
Srs(-F) xSrs(-F) (resp. s(.g(F) xs^g(F)), (if, ?7)-invariant (resp. if'-invariant) on 
the first variable and if-invariant (resp. if'-invariant) on the second variable. 
Our method to prove this theorem is an analogue of [HCl] and [HC2]. We 
will only prove the assertion for while the assertion for Ix can be proved 
in the same way and is leaved to the reader. 



6.1 Reduction to elliptic case 

In this subsection we will reduce the question of representability of Ix to 





that of elliptic X G Srs{F). For X = ' ^ ^rs{F), we say X is elliptic 
if AB is elliptic in GL„(F). 

Let X = [. "^"] be a semisimple regular element in s{F). Write 



A 0^ 

5 = (B s~, and canonically identify s"^ = gl^ (viewed as space of ma- 
trices). Suppose that X is not elliptic which amounts to say A is not elliptic. 
Then A G t~(F) C s~(F), where r~ = mo is the Lie algebra of a maximal 
Levi subgroup Mq of a proper parabolic subgroup Pq C GL„. Let Uq be 
the unipotent subgroup of Pq, and Uq be its Lie algebra. Then there is a 
decomposition s~ = (r~ © n~ © n~), where n~ = Uq and n~ = Uq. By identi- 
fying s"*" = s~ = we have s+ = (r"*" © n"*" © n"*") where tr"*" = rrio, n"*" = Uq 
and n"*" = Uq. Note that r := r"*" © r~ is isomorphic to a product of 5^ with 
= ra. Denote n = n+©n~ and n = n+©n", then we have s = (r©n©n), 
n-*- = r © n and (r © n)-*- = n under the fixed pairing (-, ■) on s. 

Let P = Pq X Pq, which is a parabolic subgroup of H = GL„ x GL„. 
There is a Levi decomposition P = MU and p = m©u, with M = Mq x Mq, 
U = UoxUo, m = m.o©mo andu = Uo©Uo. Notice that (M,r) ~ n(Hni,5„.) 
for some (H„.,s„-). We fix an open compact subgroup K oi H such that 
H = MUK and r]\K is trivial. Recall that M = M(F) and U = U(F). We 
choose the measure here so that for any / G C^{H), 

/ f{h) dh = / / f{muk) dm du dk. 
Jh J m Ju Jk 

For / G C^{5{F)), we define f G C^{^{F)) to be 



r{Y) := / f{Y + Z) dZ, 

ln{F) 
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define / G C^{s{F)) to be 

f{Y) = [ f{Y') dk, 
Jk 

and define /(^) E C^{t{F)) to be 

Let Tr be a distribution on t:(F). Define a distribution 2^(7^) on s(F) as 
the following: 

z?(T,)(/):=T,(/W), for / G C,°^(5(F)). 

The above process is an analogue of parabolic induction in the usual sense 
(cf. [HC2, §1] or [Ko, §13]), and has the similar properties. 

Proposition 6.2. 1. Suppose that is an [M,rj) -invariant distribution 
on t(-F), then il{T^) is an [H,!]) -invariant distribution ons{F). 

2. We have = . 

3. Suppose that is an {M,ri) -invariant distribution on r(-F), which is 
represented by a locally integrable function on v{F). Then the dis- 
tribution ic(Tj) is represented by a locally integrable function 

F,(x) = |D^(x)|7^|DXy)lk(F) 

Y 

on s{F). Here the sum is taken over a set of representatives for the 
M-conjugacy classes of elements Y G x{F) such that Y is H -conjugate 
to X. 

4- The map f h-> /("^^ commutes with the Fourier transform, and therefore 

ti{f,) = ti{T;). 

Proof (1) For / G C,°°(s(F)) and he H, define ^f G C~(s(F)) by ''f{Y) = 
f{Y^). To prove (1), it suffices to observe the following relation: for p = 
mu G P and Y G t(-F), we have 

{Pfy{Y) = [ Pf{Y + Z) dZ = [ f{YP + ZP) dZ 

Jn{F) Jn{F) 

= [ fiY"" + ZP) dZ 
Jn{F) 

= |det(Ad(p);n)|^ / f{Y^ + Z) dZ. 

Jn{F) 
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It is easy to verify that 

|det(Ad(p);n)|^ = | det(Ad(p); u)|^ = 6p{p). 

Therefore {^fYiY) = 6p{p)f^{Y"^). The remaining arguments are routine. 
(2). Write T = Hx for simphcity. For / e C^{s{F)), 

f{X^)ri{h) dh= [ [ [ f{X"'''^)ri{m) dk du dm 

T\H Jt\M Ju Jk 

= [ [ f{X"''')ri{m) du dm. 
Jt\m Ju 

Write Y = X"". Note that the map 

a : U — > n, n i— )■ u^^Yu — Y 
is an isomorphism of algebraic varieties, whose Jacobian is 

I det{g o ad(F); u)\f- 

Note that 

|det(^oad(F);u)|ir = | det(^ o ad(F); u © u)!^,/^ 

|det(f?oad(F);f)/t)|V' 



|det(^oad(F);m/l)|y^ 
\D^iY)\ 



F 
1/2 
F 



mY)\T' 



Therefore 



F'^(X, /) = / / \D'{X"')\]^^f{X"' + Z)r]{m) dZ dm 

Jt\M Jn{F) 

= \D'{X)\]^^ I /W(X)r/(m) dm 
Jt\m 



The assertion (3) is a consequence of Weyl integration formula, and the 
assertion (4) is easy to see. □ 

As the usual case, we call / G C^{s{F)) a cusp form if /"^ = for every 
r C s. Let Sell be the open subset of elliptic regular semisimple elements in 
s{F). Suppose that (j) E C^(Scii). Then 0^ an^j are identically zero, 

and moreover, for any regular semisimple X G x{F) C 5{F) the integral 
I^{X,(j)) vanishes. 
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6.2 Application of Howe's finiteness theorem 

The Howe's finiteness theorem in our case is also true. We now briefly recall 
it. If is a compact open set in 5(F), put 

Jiujy^ = {T e ©(s)^'" ; Supp(r) C cl(u;^)}. 

Let L C s(F) be a lattice (a compact open Oi?-submodule) and let Cc(s(F)/L) 
be the space of / e C^(s(F)) which is invariant under translation by L. Let 
ji^ : JiujY' — )■ Cc(s(F)/L)* be the composition of the maps: 

where Cc(s(F) / L)* denotes the vector space dual to Cc(s(F) / V). Then Howe's 
finiteness theorem is 

Theorem 6.3. For any lattice L in s and any compact set u, 

dimjL{J{ujy) < +00. 

Proof. It is showed in [RR, Theorem 6.1] that the Howe's finiteness theorem 
holds for a more general situation when rj = 1. It is not hard to check that 
it still holds when r] is our quadratic character. □ 

The following variants of Howe's theorem is often used, and we refer 
the readers to [Ko, §26] for more details. Let ji '■ Jif^)^ — ^ ^(-^) be the 
composition of the maps 

: Jiur ^ V{5{F)) A V{5{F)) ^ V{L), 
where J-" denotes the Fourier transform. 

Theorem 6.4. For any lattice L in s{F) and any compact set u, 

dimjL(J^(a;)'') < +00. 
The following corollary is immediate. 

Corollary 6.5. Let u be compact, and let V be a subspace of Jiuo)'^. Let L 
be any lattice in s{F). Then jLiV) = jL{c\{V)). 

Now we can prove the theorem. By Proposition 6.2, it suffices to show 
that Jy is represented by a locally constant function in the case that X lies 
in Crcg(F) for some elliptic Cartan subspace c of s. Let T be the centralizer 
of c in H, and Z be the center of G which is also contained in T. Then Z\T 
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is compact since X is elliptic. We require vol(Z\T) = 1 here, which doesn't 
matter. Denote sj^ = (Ci.cg(-F))'^ as before, which is an open i/-invariant 
subset of s(F). For e C^(5jJ, define a distribution G V{5{F)) to be 



W) = / / fiY)<l>{Y'Uh) dV dh. 

' Z\H Js{F) 



This distribution is well defined: 

dY dh 



I I 

Jz\hJ5{ 

[ dh( [ \D%Y)\dY [ \f{Y'')\ ■ \4>{Y'^'')\ dh' 

J Z\H \Jc{F) J Z\H 

[ \D\Y)\dY(l \f{Y^')\.m^)\dh' dh] 

Jc(F) \J Z\HxZ\H J 



c{F) \JZ\HxZ\H 

I{Y,\f\)-I{Y,\<P\)dY<oo, 

Crog(F) 

since I(Y,\(j)\) e C^(Ci.eg(-F)). Here /(■,/) is the usual normalized orbital 
integral without twisted by 77. 

Theorem 6.6. We have = I^, and can be represented by a locally 
integrable function on 5{F) which is locally constant on Sj-si^F). 

We have the relation 

dY= [ dr. 

b{F) Js{F) 



Thus 



/ v{h) dh( f f{Y)^{Y^) dY 

J Z\H \Js{F) 

[ r]ih) dh( [ f{Y)(^{Y^) dY 

J Z\H \Js(F) 



'Z\H \Js{F) 

(that is, = I^) by the absolute convergence of the right one. We will prove 
the assertion about the representability of later. 

Lemma 6.7. Let u be a compact open neighborhood of X in Crcg(-^)- Then 
given a lattice L in s(F), there exists a G C^{u^) such that and 
have the same restriction to L. 



32 



Proof. We first show that hes in the closure of the linear space 

L:={I^: G C^iio'') }, 

which is a subspace of J'[u})'^. It suffices to show that: if /(/,(/) = for all 
(f) e C^{u^) then = 0. Note that 

We may shrink u such that every locally function ip G C^{u) arises as F i— )■ 
for some G C^{uj). Thus /^(/) = if = for all G C^iuj^)- 
By Corollary 6.5, we see that Jl^Ix) ^ 3l{Iuj) for any lattice L. In other 
words, given a lattice L, there exists a G C^(ci;-'^) such that I\ and J<^ have 
the same restriction to L. □ 

Finally, the Theorem 6.1 follows from the representability of and the 

fact that 5(F) = Ulattice^- 



6.3 Bound of orbital integrals 

In this subsection, we will show the boundness of the normalized orbital 
integrals along a Cartan subspace, which is crucial for proving Theorem 6.6. 
We follow the line of the proof of [HCl, Theorem 14], where there are no 
Shalika germs involved. 

Theorem 6.8. 1. Let c he a Cartan subspace of s and f G C^(s(-F)). 
Then 

sup \P{X,f)\ <+oo. 

2. Let c' be a Cartan subspace of s' and f G C^{s'{F)). Then 

sup |/(X,/')|<+oo. 

We will only prove the first assertion with respect to s, since this method 
is also valid for the second case. 

Lemma 6.9. Fix a compact set u of s{F). Then the set of all X G c{F) 
such that X G cl(ci;'^) is relative compact in s{F). 

Proof. It suffices to assume u is closed. Consider the closed inclusion i : 
{c/W){F) (s/H)(F) where W is the Weyl group of c, and the natural 
map TT : s(F) (5/H)(F). Then vr(cj) and thus i~^{7r{u)) is compact. The 
lemma follows from the fact that the map c{F) — {c/W){F) is a proper map 
between locally compact Hausdorff spaces. □ 



33 



Corollary 6.10. For f e C^{5{F)), P{X,f) = for X e Creg(F) lytng 
outside a compact subset of c{F). 

We first prove Theorem 6.8 under the following condition. 

Lemma 6.11. Let f e C^{s{F)) be such that Supp(/) n TV = 0. Then 
I^{-,f) is bounded on Cj-cg{F). 

Proof. By Lemma 6.9 and Corollary 6.10, it suffices to prove: given Xq G 
c(-F), we can choose a neighborhood V of Xq in c{F) such that 

sup \P{XJ)\ < +00, where V = Vns,,{F). 

When Xq ^ 0, this follows from the descent of orbital integrals (Proposition 
5.11), the induction on n, and the bound of Harish- Chandra on the usual 
orbital integrals. When Xq = 0, since Supp(/) fl A/" = 0, we can find a 
neighborhood V of Xq such that PiX, f) = OonV'. □ 

Now let So be the set of all Y G s{F) such that: there exists an open 
neighborhood w of F in s{F) so that sup;icg|.^^^(p.-) \I^{X,f)\ < oo for all 
/ G C^{s{F)) with Supp(/) C u. Since A/" is closed in s(F), Lemma 6.11 
implies that s{F) — A/" C Sq. It remains to show that A/" C Sq. We first need 
some preparation. 

Fix Xq 7^ in M. Let (Xq, d(Xo), Iq) be an s[2-triple as in Lemma 3.1. 
Consider the map 

ip-.Hxsy,^ s{F), {h, U) ^ {Xq + U)\ 

One can show that ip is everywhere submersive. Denote u = ip{H x Sy^), 
which is an open and //-invariant subset of s{F). Since ip is everywhere 
submersive, we have a surjective linear map 

such that 

f fa{X)p{X) dX = f a{h, u)p {{Xq + Uf) dh dU 

for every locally integrable function p on u. 

Let r be the Cartan subgroup of H with the Lie algebra F-d(X'o). Please 
refer to Lemma 3.3 and Proposition 4.4 for the notations below. Put t = ^(7) 
and write = E,{'~i)U^ for U G Sy„,7 G P. We have 

{Xq + u^y'' = {Xq + tu^'^y'^ = t{XQ + f/)^ 

For 7 G P and a G Cf{H x SyJ, define a' G C'^{H x SyJ to be 

U) = a{'j~^h, Uy-i). 
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Lemma 6.12. Fix 7 G T and a e C^{H x Syo)- Then 



Ut-^x) = \t\l^'-'-^Uix), Xeu. 

Proof. Choose any function a in C^i^u). We have 



/ Ut-'x)p{x) dx 

Js(F) 

fa{X)p{tX) dX 



5(F) 
|2n2 



(F) 



Hxsyq 



a{h,U)p{t{Xo + U)^) dhdU 



a 



Hxsyq 



{h,U)p{{Xo + U^y^) dhdU 



HxSYn 



a{r^h,U^-.)p{{XQ + Uf) 



dU.,-1 



dU 



dh dU. 



It remains to compute the Jacobian 



7 



dU 



. Choose a basis Ui, ...,Ur oi Sy^ 



as Lemma 3.3. Write U = J2i<i<r ^i^i- Then 

i 



dU^-i 



Hence 

c 

~ dU 

This shows the lemma. 



\^\f 



l<i<r 



□ 



For X G Crcg(-F), there is a unique distribution on Syq such that 
I\XJ^) = rl{P^) where 

I3^{U) = I a{h,U)ri{h) dh, a G C^{H x SyJ. 
Jh 

For / G C^ico), define /' G C,°^(w) to be /'(X) = f{t-^X). It is easy to see 
that 
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Now fix a e C^{H x SyJ, and set / = /„, /' = f^, /3 = (3^ and (3' = /3a'. 
Note that 

£/ \j.\2n^—T—m f 
J — \t\F Ja'- 

We have 

f3'{U) = [ a{j~'h, U^-i)v{h) dh = r]{j)f3{t-^U^), U G Sy^. 
Jh 

So we obtain 
or 

(1) P{t-'X, f) = {I\X, f) + rl(/3' - /?)) . 

By Proposition 4.4, we know n^ + ^ — r — m<0. 

Now we can continue to prove the theorem. Let Xq G A/", Xq ^ 0. 
We want to construct an open neighborhood ujq of Xq such that /''(■,/) is 
bounded on Crcg(-F) as soon as Supp(/) C ojq. Recall that we denote by Nq 
the union of all iJ-orbits in M of dimension < g, and note that Xq G M2n'^-T 
and Af-zn'^-n = A/". So we can choose an open neighborhood oji of Xq in uj such 
that nA/2„2_^ c X^ , and can assume uji = . By [HCl, Lemma 37], we 
can choose an open neighborhood U of zero in Sy„ such that Xq +IA d uji 
and (Xo + W) n = {^o}- 

Fix 7 G r such that 77(7) = 1 and \t\F = |^(7)|f > 1- Choose an 
open neighborhood Uq of zero in U such that t^^U^ U tU^ C U. Put 
AT* = AT - {0}. 

Lemma 6.13. A/"* C Sq. 

Proo/. We induct on r = dimsyg for Xq G Af*. Put = {Xq +1(q)^, which 
is an open invariant neighborhood of Xq. Consider the surjective map 

which is everywhere submersive. Consider the surjective linear map 
^^{H X Wo) ^ C(u;o), « ^ /«, 

which is the restriction of the map C^{H x Sy^) — )■ as before. Let / G 

C^(a;o) and choose a G C^{H x Wq) such that / = /„. Denote (3 = (3a, (3' = 
(3a' and /' = fa as before. Then (3 -(3' G C^iU), and ^ Supp(/5-/3'). Define 
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ao{h, U) = ai{h) (/3(f/) - f3'{U)) for h e H,U e U, where en G C^{H) and 
j^ai{h)ri{h) dh = 1. For X G Ci.cg(-^), we have 

F(X,AJ = rl(/3„J = rl(/3 -/?'), 

and Supp(/q,q) nA/2„2„^ = 0. Now we start the induction on r = dimsyg. 
First assume r = n. In such case we have n^ + ^ — r — m = — ^ and 

r>{t-'X, f) = {P{X, f) + rl(/3' - /?)) , 

n 

by (1). Put c = < 1. Since Supp(/„J n A/" = (A/" = A/'2„2_„), by 
Lemma 6.11, we have 

a= sup |r^(/3' — < +00. 

Iteration gives 

dn — kd 

Pit-'X, /) = \t\-^ P{X, /) + J2 \^\~f' 4-^x((^' - > 1). 

l<fc<d 

or 

P{X, f) = c^Pif^X, f)+ - id>l). 

l<k<d 

Since lim^^+oo P^f^X, f) = 0, we get 

l<fc<oo 

Now assume r > n. Since Supp(/qq) fl A/'2„2_r = 0, by the induction 
hypothesis and Lemma 6.11, P{X, fa^) is bounded on Creg(-F) and so is T]r(f3— 
P'). Applying the same argument as r = n, we complete the proof of the 
lemma. □ 

Using the same arguments in [HCl, Part VI §7], we can show the following 
lemma. 

Lemma 6.14. G Sq. 

At last. Theorem 6.8 follows from Lemma 6.11, Lemma 6.13 and Lemma 
6.14. 
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6.4 Proof of Theorem 6.6 



Now we continue to prove Theorem 6.6. For simplicity, we write instead of 
the original (p, and denote by 9 the distribution that is, for / G C^(s(F)), 

e(/) := / / f{Y)<t>{Y'Uh) dY dh. 

J Z\H Jz{F) 

Our goal is to prove that the distribution G can be represented by a locally 
integrable function on s(-F) which is locally constant on Srs(-F). We follow 
the strategy of the proof of [HCl, Theorem 16]. 

For t > 1, let fij denote the set of all /i G if such that 1 + log < 
t, which is a compact set modulo Z, and let $t denote the characteristic 
function of Vtt. Then we have 

e(/) = lim / <^t{h) I f{Y)(f)(Y^)r]{h) dY dh 
= lim / f{Y)et{Y) dY, 

where 

QtiY) = [ <^tih)<p{Y'^)r]{h) dh. 

Jz\H 

We will first show that lim^^+oo 0t(^) exists for all Y G Srs(-F), and then 
will give an estimation on Ot to apply Lebesgue's Theorem. 

Lemma 6.15. Given a compact subset u ofs{F), we can choose Cq > such 
that 

1 + log \\h\\T\H < Co (1 + log(max{l, \D'iX)\p'})) 
for h e H,X e Crcg(-F) such that X'^ e oo. 

Proof. The proof is as the same as [Ko, Lemma 20.3]. □ 

We choose a compact set u C s(F) such that Supp(0) C u, Supp(/) C u. 
Fix a Cartan subspace c C s, and let T be the centralizer of c in H, and 
A be the maximal split torus in T. Note that A has the form {diag(a,a)} 
where a G for some split torus Aq contained in GL„(F). Let Uc be the 
set of X G c{F) such that X'* G UJ for some h E H. Then Uc is compact. For 
X E ujc,h E H, set 

Note that (px has the following properties: 

(i) Supp(0x) C Cx for some subset Cx C H which is compact modulo A 
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and (pxio-h) = (pxih) for h E H,a E A. 

(ii) If Pq is a parabolic subgroup in GL,„(F) such that Pq 7^ GL,„(P),Pq = 
MqUq, and C Aq where A'q is a spht component of Pq, then 




4>x{uh) du = h e H, 



where U' = Uq x Uq is a unipotent subgroup of H. 

Let be an open subgroup of K = GLn{OF) x GLniOp) C H such 
that ||/c|| = l,r]{k) = 1 for all k G /'i'l. We choose the measure here so that 
vol(A'i) = 1. Fix an open compact subgroup Kq of H such that 

i^o c (f7 n Ki){M n Ki){u n Ki) 

for any parabolic subgroup P = MU in where we denote by V{A) the 

set of all parabolic subgroups of H of the form Pq x Pq such that Pq is a 
parabolic subgroup of GL„ and A is a split component of P. For an element 
y e H, put Ko{y) = KoD Kl Set 

||C'x||t\h = sup ||/;.||T\/f- 

hdCx 

The following lemma is an analogue of [HCl, Theorem 20], whose proof is 
similar and we omit it. 

Lemma 6.16. There exists a number c > 1 with the following property. Let 
Q = Q{Cx, y) denote the set of all h E H such that 

1 + log \\h\\z\H < c(l + log \\Cx\\t\h){1 + fog \\y\\T\H) 
where y E H . Then 

[ Mykh) dk = 

unless h E Q. 

Now suppose X G Creg(P) and y E H such that G u. Then X G 
By Lemma 6.15, there is a positive constant cq, only depending on uo and c, 
such that 

1 + log \\y\\T\H < Co (1 + log(max{l, \D\X)\-p^])) . 

Set uj[ = uj^n Crog(P)- Then for any X G we can choose a subset Cx of H 
such that 

(1) Supp(0x) C Cx and Cx is compact modulo A; 
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(2) 1 + log \\Cx\\t\h < Co (1 + log(max{l, \D^{X)\p'})) . 
Let Qx {X & uj'J be the set of all h ^ H such that 

1 + log \\h\\z\H < ci (1 + log(max{l, \D'{X)\-/})f , 

where Ci = c ■ Cq with c as in Lemma 6.16. Let $x denote the characteristic 
function of Qx- Then we have 

QtiX^) = [ <l>i(/i)0(X^^)r/(/i) dh 

J Z\H 

= [ <^t{h) [ (P{Xy^^)r]{h) dk dh. 

Jz\H JKi 

Note that \\kh\\ = \\h\\ for k G A'l. By Lemma 6.16 we have 
[ (Pixy'''') dk= [ (pxiykh) dk = 0, 

Jki Jki 

unless: 

1 + log \\kih\\z\H < c(l + log ||Cx||t\h)(1 + log WvHtxh), 

where ki runs over a set of representatives of Ki/ Kq{iiq) in Ki. Since \\kh\\ = 
\\h\\ and 

c(l + log \\Cx\\t\h){1 + log \\y\\T\H) < ccl (l + log(max{l, \D\X)\-p'})Y , 
/^^ = unless heQx- Hence if 

t>Ci(l + log(max{l,|D^(X)|^i}))', 

we get 

etixy)= [ ^t{h)^x{h)r]{h) f cpixy'^'^) dk dh 

J Z\H Jki 

= [ <^x{h) [ 4>{xy'''') dk dh 

Jz\H Jki 

= I I (t){Xy'''')ri{h) dk dh. 

Jz\H Jki 

Therefore lim(_^+oo 0f(^^) exists for G u H Srs{F). By enlarging u, 
limt_>.+oo Qt{X) exists for all X G Sj-siF). 
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Now we estimate 0t(X). All the notations are as same as above. We 
have 

mxy)\ < [ <^x{yo'hmx')\ dh 

J Z\H 

\(t){X^)\ dh I ^x{y"^ah) da. 

J Z\A 



' A\H J Z\A 

Recall that (j){X'^)r]{h) = 4>x{h) = unless h G Cx- Suppose h G Cx, and 
log||/i|| < log||Cx||. Then ^x{y~^ah) = unless y~^ah G Qx- We can 
assume log \\y\\ = log ||y||T\H- Since 

1 + log \\a\\z\H < (1 + log \\h\\) (1 + log \\y~^ah\\z\H) (1 + log \\y\\) , 
we have ^xiy'^ah) = unless 

1 + log \\a\\z\H < C2 (1 + log(max{l, \D'{X)\p'})f , 
where C2 = ciCq. Therefore 

/ ^x{y~^ah) da < / ^ da 



IZ\A >/l+log ||a||z\ff <C2(l+log{max{l,|D={X)|-i}))^ 

<C3(l + log(max{l,|D^(X)|^i}))^ 



,4^ 



where C3 is a positive constant, not depending on the choice oi X ^ u[, and 
£ = dim Z\A. This shows that 

mxy)\ < C3 (1 + log(max{l, |D^(X)|^i}))'' / d/i. 

By noting that Theorem 6.8 also holds for 77 = 1, we have: 
sup \D'{X)\l [ \(j){X'')\ dh < +00. 

Hence 

\et{Xy)\ < c,\D%X)\-^ (l + log(max{l,|Z}^(X)|^i}))'' 

for all X G c{F) and y e H such that X'^ e 00' = 00 f] Srs(F). Since there 
are only finitely many non-conjugate Cartan subspace in s, there exists a 
constant C5 such that 

|e,(X)| <C5|Z^^(X)|7 (l + log(max{l,|Z}^(X)|^i}))'' 
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for all X eu' and all t>l. 

It follows from the lemma below that the function 



X^\D\X)\--^ (l + log(max{l,|D^(X)|^i}))'' 

is locally integrable on s(F). Then the Theorem 6.6 follows from Lebesgue's 
Theorem. 

Lemma 6.17. There exists e > such that the function \D^{X)\~p'^ is locally 
integrable on c{F) for any Cartan subspace c of s. 

Proof. See [Zlil, Lemma 4.3]. □ 



7 Local calculations 
7.1 Limit formulae 

In this subsection, we will show formulae for i^{X,Y) {X,Y G Srs{F)) and 
{X,Y G s'jF)) at "infinity", which are analogues of [Wa2, VIII.l 
Proposition] whose proof is highly technical. Here we just modify Wald- 
spurger's proof to make it available in this situation. 

Statement Let c be a Cartan subspace of s, and T~ be the maximal 6'-split 
torus in G whose Lie algebra is c. Let T be the centralizer of c in H, and 
denote t = Lie(T). For X, F G Creg(-F), we define a non degenerate, bilinear 
and symmetric form gx,y on i){F)/t{F) by 

qxAZ,Z') = {[Z,Xl[Y,Z']), 

where the pairing (-, ■) is the one as before. We can verify that qx,Y = <iY,x- 
We will write 7^(X, Y) = 7^(gx,y) for simplicity. Recall that by convention, 
T = T{F), H = B.{F). 

Let c' be a Cartan subspace of s', we denote T'~, T', t' similarly as above. 
For X, y G c^pg(-F), we can also define a non degenerate, bilinear and sym- 
metric form qx.Y on f)'(F)/t'(-F) in the same way. 

Proposition 7.1. Notations are as above. 

1. Let X G 5rs{F) and Y G c^cg{.F). Then there exists X G N such that if 
fi G F^ satisfying vp^jj) < —N, we have the equality 

l:\liX, Y) = k{Y) Y1 ^(^)^'^ (/^^ ■X,y)i^ {{f^h ■X,Y)), 

h&T\H, h Xec 
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and 



heT\H, h xec 

2. Let X e 4s(-^) ^'^^ ^ ^ c^cg(-^)- ^^en i/iere exists iV G N snc/i i/iai 
/i G satisfying vp{fi) < —N, we have the equality 

7{fxX,Y)= Yl l^{fih-X,Y)ij{{{f^h-X,Y)), 

h&T'\H', h-Xec' 

and 

T(X,/xF)= Yl lAh-X,f^y)^{{h-X,^iY)). 

heT'\H', /i-xec' 

In particular, the above expression is zero if X is not conjugate to an 
element of c(F) (or c'{F)). 

Proof We now prove the formula for i'^{fiX,Y), while the formula for 
i^{X,nY) can be deduced from it. We leave the proof for F) and 

i{X,nY) to the readers, whose proof is similar. 

We first introduce some notations. Let q (resp. p) be the unique com- 
pletion of t (resp. c) in f) (resp. s) which is stable by the adjoint action of 
T. Denote by the set of roots of T~ in g. For each subspace f C 5{F) 
such that the restriction of (■, ■) to f is non degenerate and for each O^?- 
lattice L C f, set L = e f; Vf E L,ip{{i',i)) = 1}. We denote by L, the 
Cj?-lattice of c(F) such that 

L, = {Z e c(F); Va G S,,VF{a{Z)) > 0}. 

Fix C^-lattices Lp C p(F), Li C t(F) and Lq C q(F). Set L^ = L, ® Lp, 
L(, = Lt © Lq, L = Ls ® Ltj. Set d = dimir(g(F)), and denote by F[U]d 
the set of polynomials in U with coefficients in F, of degree d, and with the 
coefficient of Lf^ being 1. For P e F[U]d, write 

d 
1=0 

For a e Z and Pi, P2 e F[f/]d, we write Pi = P2 mod w'^Op if VF{si{Pi) - 
Si{P2)) > o for each i = 0,...,d. For each Z e 0(P), denote by P^ the 
characteristic polynomial of ad(Z) acting on q{F). Then Pz G F[U]d- 

Fix an integer c G N satisfying the following conditions. We will refer 
them as (C-l),...,(C-7). 
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1. For each a G N, a > c, we have 

• w'^Lf, C Vf, and w^L C Vg; 

• Ka := exp(ro°'L(,) is a subgroup of K, and rilx^ = 1; 

• the action of Ka stabihzes Lg (hence stabihzes Lg). 

2. For each a G N, a > c, and each Z G to"-Lij, we have 

• (exp Z) -Y - Y -[Z,Y] e ^^""^L,; 

• (exp Z)-Y -Y -[Z,Y]- \[Z, [Z, Y]] G w^'^-'L,. 

3. Denote by C{X) the set of X' G c(F) satisfying that there exists h E H 
such that h ■ X' = X , which is a finite set. We require: 

• if a G N, a > c, X', X" G C(X), and 7 G i^a satisfying 7-X' = X", 
then X' = X"- 

• for each X' G C(X), denote by L^' the dual of Lq in q(-F) with 
respect to the form qx'y] then require 'CO^L^' C 2ti7~'^Lq. 

4. If Z G p(F) satisfying [F, G If,, then Z G ^-^Zp. 

5. For each h E H, denote by c{h) the unique element of Z such that 

Since X G Srs(-F), the set {c{h), h G iJ} has a lower bound. We require 
that 

• for each h E H, c{h) > — c. 

6. Fix a basis B of 0(-F) formed of basis of c(F) and t(F), and root vectors 
associated to Sc. We require 

• for each Z G Lp, the coefficients of the representing matrix of 
ad(Z) with respect to the basis B are of valuation > — c; 

• for each i = 0, d, VF{si{Px)) > —c. 

7. There exists an open compact set Q C Cj-^giF) such that if Z G Ci.cg(-^) 
satisfying Pz = Px mod uj^'Of, then Z E Q. 

The integer c is fixed from now on, and we also fix an open compact Q 
satisfying (C-7). The following lemma actually is [Wa2, VIII. 3 Lemme]. 
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Lemma 7.2. There exists d G N, c' > c, such that z/ a G N, a > d , and 

Z E Q + w"-^^ Lp, then there exists 7 G Ka such that 7 ■ Z G ^2. 

From now on, we fix an integer d as in the above lemma. Set 

(1) iV = 2(d + 8)c + 6c' + 12. 

Let fi E such that vp{^) < —N. Choose m G N such that 

• the functions Y' ^ z''(/iX, F'), Y' ^ \D^{Y')\f and k{Y) are constant 
on r + w'^L,- 

• for each X' G C{X), fiX' G t^-^Z,. 

Let / be the characteristic function of F + ro^L^, and /' be the charac- 
teristic function of w~^L^. Then we have 

P{^^XJ) = [ 7^{fiXX)<Y')f{Y')\D%Y')rF^'dY' 

(2) J.{F) 

= Yoliw'^L,)\D%Y)\-'^\{Yyi\fiX,Y). 
On the other hand, it is easy to verify that 

fiY')=voliw^L,),p{{Y,Y'))f'{Y'). 

Hence 

Pi^iXJ) = |D^(/xX)|f vol(t^™L,) / fifiX'^)^{{Y,fiX'^))r]ih) dh. 

Jt\h 

Set 

(3) a=[-VFif-i)/2]-2c-d -1. 

By (1), a > c. Fix a set of representatives F in if for the double coset 
T\H / Ka- By (C-3), we can suppose that if there exist /i G F and h' G ThKa 
such that X^ G c(F), then X^ G c(F). Equip Ka with the measure induced 
from H. Then we have 

= /s:(F)^vol(r\r/ii^J/'(/iX'^)r/(/i)z(/i), 

where 

z(/i)= / ^((y,/iX''^))d7. 

JKa 
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Fix h eT. Choose 6 G N such that 



• (c + c{h) - vpifx)) /2<b< c{h) - vpif-i) - I - 2c; 



-c — c' — 1 — a — Vp{ii), 
which imphes b > a. Fix a set of representatives F' of Ka/Kf,. Then we have 



ger' 



where 

t{h,g)= I d7. 



Fix g G F', and set X' = X'^^ . Then 



i{h,g) 



[ {{exp Z ■ Y, fxX')) dZ. 



Note that since K^y stabihzes and Lg, then c{hg) = c{h). In particular, 
X' G w-<^'^L,. By (4), we have 

V'((z,/iX')) = i 

for each Z G ro^^^'^Lj. Note that b > c. For Z G by (C-3), we have 

,P ((exp Z ■ Y, ^^X')) = ij{{Y+[Z, F], /iX')) 
= ^((F,/iX'))V^((Z, 

Therefore we see that i{h, (?) = if [F, ^iX'] ^ W^Lj,. We make the following 
claim: 

(*) if [Y.iiX'] G then X'^ G c(F). 

Now we prove this claim. Suppose [F, /iX'] G in other words, [F,Xp] G 

fi~^'co~^Lc^, where X' = X^' + Xp is the decomposition of X' with respect to 
s = c ©p. Thus, by (C-4), 

(5) X; G 

Moreover, by (4), Xp G ro'^'^'^^+^Lp. By the definition of c(h) and that 
c{hg) = c{h), we deduce that 

X' G w-^(^)Z, - 
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Set R = {a E Sc] vp{a{XI.)) < —c{h) + 1}. The above relation and the 
definition of imply that i? 7^ 0. Set r = we calculate the coefficient 
Sr{,Px')- This is a sum of products of coefficients of matrices expressing adX^' 
and adXp with respect to the basis B. By (4), (5) and (C-6), the coefficients 
of adXp are of valuation > —c{h) + 1. The same holds for the coefficients 
of adX^' other than that of for a E R. The term Y\a(^R^{-^[) 1 which 

occurs in Sr{Px')i is of the valuation strictly less than that of any other term. 
Thus 

VF{sr{Px')) = vf{\[ a{X[)) < r{-c{h) + 1). 

Since X' is conjugate to X by the action of if, then Px' = Px- By (C-6), 
we have 

-c < r{-c{h) + 1), 

therefore 

(6) c{h) < c. 

Let i G {1, (i}. We now compare the coefficients Si{Px') and Si{Px'J- Their 
difference is a sum of products of coefficients of the matrices representing 
adX^' and adXp with respect to the basis B, and at least one coefficient of 
adXp is involved in these products. By (6), the coefficients of adX^' are of 
valuation > —c{h) > —c. By (4), (5), (6) and (C-6), the coefficients of adXp 
are of valuation > dc. Therefore 

vf {si{Px') - SiiPx'J) >-{i-l)c + dc> c, 

in other words, Px'^ = Px' mod w^Of- Thus, by (C-7), X; G n. By (4), (5) 
and (6), X'^ G tu""^^' Lp. By (1) and (3), a > c'. By Lemma 7.2, there exists 
7 G -fCa such that 7 ■ X' G c(F). By the choice of F, we have X'^ G c(F). 
Now we have finished the proof the claim. 

From now on, we do suppose X^ G c{F), thus f'{fiX'^) = 1 by the 
condition on /'. Note that the multiplication by induces an isomorphism 
from T\ThKa to T\TKa- Now we have 

l\^lX,Y) =K{Y)\D\^iX)D'{Y)\fYo\{Ka)-\o\{T\TKa) 

(7) X v{h)j{X% 

X'=Xf^&C{X) 

where 

j{X')= I ^p {{Y, fiX'^)) d7 

JKa 




ij{{expZ -Y^fiX')) dZ. 
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Fix X' e C{X). By (1) and (3), = 1 for Y' e w^^-^L,. Since 

Y,X' e c{F), then for any Z E q{F), {[Z,Y],X') = {Z,[Y,X']) = 0. By 
(C-2), we have 

jm = ^((r,/iX')) I dz 

= 7A((F,/iX')) J i;(^^{[Z,Yl[fiX\Z])^ dZ 
= ^{{Y,i^X'))vo\{w''U) J ^Qg^x',y(^)) dZ. 
Since a < —c — vp{fi)/2 and (C-3), we obtain 

(8) j{X') = vol(u;U0vol(ti7U,)i/\ol(a;-Uq)i/%^(g^x',y)V^ {{Y, f^X')) , 
where Lq is the dual of with respect to the form q^x'.Y- There is a relation: 

(9) vol(i^,) = vol(T\TA',)vol(T n K^) = vol(T\Ti^Jvol(ti7Ut). 
By definition 

L, = {Ze q(F); VZ' e L„ '4, {{[Z, ^X'], [Y, Z'])) = 1} 
= {ZGq(F); VZ' G L^, ^ (([[Z, ^X'], F], Z'])) = 1} 

= {zGq(F); [[Z, ^X'], F] G Z,,} . 
In other words, 

(adF) o (ad;uX')(Lq) = ^q, 

and 

(10) vol(Lq) = \D\Y)D\^xX')\-p\o\{L,). 
On the other hand, we have the relation 

(11) V0l(Lq)v0l(Zq) = 1. 

Then Proposition 7.1 follows. 

7.2 Formulae for 7^ (X, y) 

Let c be an F-rational Cartan subspace of s as before. For X, F G Creg(-F), 
we now exhibit a formula for 7,/,(X, F), which is an analogue of [Wa2, VIII. 5 
Lemme] . 
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Recall that we denote by T~ the maximal ^-split torus in G whose Lie 
algebra is c, and denote by the set of roots of T~ in q. Note that for a G S^^, 
since c C s, 9{a) = —a. Denote hj Tp the absolute Galois group Gal(F/F), 
then Tp acts on S^. For a G S^, denote by nia its multiplicity in g. Then it is 
easy to see that = rri-a and rricra = for every o" G Fj?. For each root 
space Qa associated to a E we can choose its basis {E\, E^"} so that: 
(1) a{El) = El^ for each a G F^; (2) ^(i?^) = El^; (3) (i^^, Ei^) = S,,. For 
a G ^c, denote by T±a the stabilizer of {a, —a} in Tp, denote by E±a the 
fixed field of r±a in F, and denote by S* for a fixed set of representatives of 
orbits {a, -a}. If X, F G Creg(F), G F±„. 

Consider the homomorphism 

ma 

s* a 1=1 o-gr/r±Q 

In fact the image of r lies in q{F) and r defines an isomorphism 

Recall that f) = t © q, where t = Lie(T) and T is the centralizer of c in H. 
For (A^) G Yls* '^aF±a, we have 

= E ^(^")' (^L - Ei^a, EL - El^^) 

= J2 <y{Kfaa{X)aa{Y){El^ + El,,, E^^ + El^J 

where gx,y,a(A) is the form on F±a defined by 

gx,Y,a(A) = Trp^jF (2«(X)«(F)A2) . 

Therefore 
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For a G S**, denote by ip' the character ip o Tif±c,/f of F±a and (l'x,Y,a 
form on F-j-q with valued in F±ct'- 

q'^^yJX) = 2a{X)a{Y)X\ 
Then 7^(gx,y,a) = l^'iq'xxc^)^ and 

7^'(to,y,«) = («(^)«(>^),2)^^^7F±.(«(X)a(F),^')7^'(g;), 
where q'a{\) = 2A^, ( , )f±^ is the Hilbert symbol on F±a, and 

7F±JaWa = 

with g(A) = A^. Therefore 

l^{qx,Y,a) = i(^iX)aiY),2)p^^'jF±^{a{X)a{Y),ip')-f^{qo,), 

where 

g,(A) = Tr^^„/^(2A2) = Tr^^„/^ ((E^ + El,, + El JA^) . 
We deduce 

1^{X,Y)= n ((a(X)«(F), 2)^^,7^^ Ja(X)«(r),V^')7v^(g„))'"^ 
On the other hand, by the same argument as above, we can show that 

7^(q(^))= Wi^iq^r-- 

It is also easy to see that 7^(q(F)) = 7^(t(F))"-^7^([)(F)). 

For X, y G c^gg(F), with the similar notation as above, we can get a 
formula for '~f^{X,Y) in a similar form. In summary, we have the following 
formula. 

Proposition 7.3. Notations are as above. 

1. ForX,Y G Cy-cg{F), we have 

7^(X,F) =7^(t(F))-S^([)(F)) 

X n ((«(X)a(F),2)^,„7F±.(«(X)a(r),V^'))'""- 

2. ForX,Y G c'^cgi^), we have 

7^(x,y) =74t'(F))-S^(f)'(F)) 

X n ((«(X)«(F),2)^,„7F,„(«(X)a(F),V^'))'""- 

c' 
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7.3 A comparison lemma 

To obtain the main result of this subsection, we need the following lemma. 

Lemma 7.4. Let X e Cj.eg{F) andY e c^eg(-^) ^'^'^^ that X ^ Y. Then there 
is an X E GL2n{E) such that Ad{x)Y = X, and Ad(a;) induces isomorphisms 
Ad(x) : t' — >■ t and Ad(a;) : c' — )■ c over F. 

Proof. It suffices to prove this for X = ( ^ ^r\] Y = ] , where 



Q J \B ^ 

A G GL„(F) being regular semisimple and A = 'yBB. Then, obviously, we 
have 

<F) = {(ac ^Q)-,CeQln{F),AC = CA 

D 
D 

7i 
P 



W = {[^ ^r,];CeQUF),AD = DA 



c'(^) = {{l ^n]-^P^ dUE), BP = PB 



and 



i'{F) = {{^ ^];QeQUE),BQ = QB 



Take x = [ 'd ) ^ GL2n(-E). Then we claim that Ad(x) satisfies the 





required condition. By the above relation, it is easy to see that: 

2.AdW.(« = °).AQ = QA 

Therefore we have to show that PB^^ G Q G 

Note that since A = BB, A commutes with B. It is easy to see that P 
and Q also commute with A. Hence P and Q commute with B, since A is 
regular. Therefore the relation BP = PB implies that PB~^ = PB~^\ the 
relation BQ = QB implies that Q = Q, which concludes the proof. □ 

Now let X G Creg(F) and Y G c^^g(F) be such that X ^ Y. Then we 
can take an a; G GL2n{E) as in the above lemma. For any V G c[^g{F), put 
U = Ad{x)V. 
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Lemma 7.5. Let X, Y, U, V be as above. Then we have the relation 

{X,U) = {Y,V), 

and 

7v,(X, U) = 7^(f)(F))7^(f)'(F))-S4y, V). 

Proof. This is a direct consequence of Proposition 7.3 and the above lemma. 

□ 

7.4 A proposition 

This subsection is devoted to showing that we can construct specific C^- 
functions satisfying certain "good" matching conditions. Such functions will 
play an important role in proving smooth transfer by using global method. 
The result below is an analogue of [Wa3, Proposition 8.2]. 

Proposition 7.6. Let Yq G c'^^^iF) C 5[^{F) and Xq G Ci.cg(-F) C s^siF) such 
that Xo^Yq. Then there exist functions f G C^{s{F)) and f G C^{5'{F)) 
satisfying the following conditions: 

1. if X e Supp(/), there exists Y' G 4g(F) such that X ^ Y' . If 
Y G Supp(/'), Y is H' -conjugate to an element in c[^g{F); 

2. f is a transfer of f; 

3. there is an equality 

KiXo)P{XoJ) = cT{YoJ')^0, 

where c = -f4i){F))-f4i)'{F)y\ 

Proof. Let Wc (resp. Wc') be the Weyl group associated to c (resp. c'), i.e. 
W, = NH{t)/ZH{t) (resp. W,, = Nh'{c') / Zh>{c')). Denote 

C(Xo) = {X G Crcg(F); X = i{Xo) for some i G W,}, 

and 

C(Fo) = {YE 4g(F); Y = liYo) for some iEW,,}. 

By Lemma 7.4, we fix an isomorphism ip : c'{F) — )■ c{F) such that ^p{Yq) = 
Xo. Fix Vo G 4g(F) and Uq := <^(K,) G Crcg(F) so that if X G C(Xo) - Xq 
(resp. Y G C{Yo) - Yq), we have (X - Xo, Uo) ^ (resp. {Y - Fq, 0), 
and moreover, k{Uo) = k,{Xq). We make the following choices. 
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1. Fix an integer r > 1 such that: 

• the sets z((l + w'^OfWq) (resp. + w'-OfWo)), for i G W, 
(resp. i G W^'), are mutually disjoint. 

2. There exists an integer such that if G -F^ satisfying vpi^fi) < —N, 
we have 

• for each X G C(Xo) — (resp. Y G C(Fo) — ^o)) the character 
a ip — -^0, Uq)) (resp. a H- (tJ7^/ia;(F — Yq, Yq))) is 
non trivial on Op. 

3. Fix and n E with t'F(/^) < -N such that 

• the condition (2) above is satisfied; 

• the formulae of Proposition 7.1 hold for (Xq, i{nUo)) and i{Yo, i'{nVo)) 
for all i G W, and G VTc'- 

4. Set cjo = /i(l + rz!^OF)Uo and = yu(l + to''Op)Vo. Denote by d (resp. 
0') the F- vector space generated by Uq (resp. Vq), and fix a complement 
e (resp. c') in c(F) (resp. c'(F)), i.e. c(F) = d®t (resp. c'(F) = r)'©e'). 
If U E c(F) (resp. G c'(F)), denote by t/o (resp. VJ,/) its projection 
on (resp. d'). We can choose open compact neighborhoods and 
u'^, of in e and e' small enough so that: if we set oj = Uq (B oj^ and 
u' = u'q(B Wf/, then 

• the sets i{u) (resp. i'{u')), for i E (resp. i' G VTc')) ^^^^ 
mutually disjoint; 

• u C Creg(-F), tj' C c^pg(F), v^(u;') = CJ, and therefore, for U E 
u, V E uj', they match with each other if and only if (f{V) = U; 

• for each X E C{Xo) (resp. Y E C{Yo)), and each U E u (resp. 
V E CO'), 

7^{x,u)=l^{x,u,), 7{Y,v) =7{Y,v,,y, 

• the function n is constant on u, which hence equals to k{Xq). 

Define a function (resp. /^,) on u (resp. u') by 

UU) = ^{-{Xo,U,)), for UEu, 
fL'iV)=i;{-{Yo,V,,)), ioiVEu'. 
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Now we fix a function / G C^{s{F)) (resp. /' G C^{s'{F))) such that 

Supp(/) C 00^, and k{U)P{U, /) = f^{U) for each f/ G 
Supp(/') C uj'^\ and J(V, /') = f^,{V) for each V G w'. 

Then, we have, for X G Si.s(-F), 



k{X)P{XJ) 
and for F G ^(F), 



fuj{U) if X is if-conjugate to some U E cu, 
otherwise, 



/w'(^) if ^ is -/^'-conjugate to some V G u', 
otherwise. 

Thus the assertions (1) and (2) of the proposition follow from the above 
construction and Lemma 7.5. 

To prove the assertion (3), we observe that 

k{Xo)P{XoJ) = k{Xo) [ l'^{Xo,U)K{U)f{UW{U)r'^' dU 

Js{F) 



\W,\-^k{X^) [ ?'{Xo, U)K{U)P{f, U) dU 

Jc(F) 



'c(F) 

^(Xo) I z^{Xo,U)UU) dU 



^k(Xo) / v{^)<UhMXo),U)4j{{i{Xo),U))UU) dU 
^ yo\{u,)k{X)k{U) [ ^4X,U,)^Ij{{X -Xo,U,)) dU, 



X6C(Xo 

wo\{uj)k{X)k{U) 



^eC(Xo) 



X / 7^(X,/i(l + ti7'^a)?7o)V^((X-Xo,/i(l + ro''a)t/o)) da 
Jof 

By condition (1), 

7^ (X, + w''a)UQ) = 7v.(X, /if/o), for any a G Op- 
liX ^ Xo, by condition (2), 

f tP{{X - Xo,fx{l + w'a)Uo)) da = 0. 

JuiQ 
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Therefore, 

fi:(Xo)r'(Xo, /) = vol(a;)7^(Xo, /if/o) ^ 0. 
The same computation goes for /(Iq, /') and we get 

/(yo,/)=vol(a;074^o,/iK))7^0. 

Then the conclusion follows from Lemma 7.5 and vol(a;) = vol(ci;'). □ 

8 Fourier transform commutes with transfer 

In this section, we aim to prove the following theorem, which is equivalent 
to Theorem 5.20. We shall use a global method, which is a modification of 
[Wa3]. 

Theorem 8.1. There exists a constant c ^ satisfying that: if f G C^(s(F)) 
is a transfer of f G C^{s'{F)), then 

(1) KiX)P{X, f) = cT{Y, f ) 

for any X G Srs{F), Y G s[^{F) such that X . 

8.1 A convergence result 

Now let /c be a number field, A = Aqo x Af be its adele ring. Let k' be a 
quadratic field extension of /c, and rj be the quadratic character of A^/k^ 
attached to k' by the class field theory. We define the symmetric pairs (G, H) 
and (C, H') over k with respect to k' as same as the local setting. Let s,s' 
be the corresponding "Lie algebras" defined over k. Denote by S{s{A)) the 
space of Schwartz functions on s(A), and similar for iS(s'(A)). 

Theorem 8.2. For each G S{s{A)), 

I V \(t){X^)\ dh < oo. 

Similarly, for each 0' G iS(s'(A)), 

[ V |0'(y'^)| d/i< oo. 

iH'(fc)\H'(A)i 
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Proof. (1) Now we prove the assertion for (p G iS(s(A)). Here we still write 
Z = {X, Y) E s = 0ln©flln and h-Z = {Adh)Z where G H for convenience. 
Recall that Z = {X, Y) is in Seii(fc) if and only if neither XY nor YX is 
contained in a proper parabolic subgroup of GL„(fc). Let Pq be the minimal 
parabolic subgroup of GL„ consisting of the upper-triangular one. Put P = 
Pq X Pq C H. Identify with the subgroup of consisting of elements 
whose components at each place are the same and belong to M^. For each 
real number c > 0, put the set of a = diag(ai, a„) G SL„(]R) such that 
> c for all 1 < z < n — 1 and G Mi for all 1 < z < ra, and set 



A = ^° X A" C H(M) C H(Aoo). 

By reduction theory, we know that there exists a maximal compact subgroup 
K of H(A), a compact subset cu C P(A) fl H(A)"^ and a c > such that, if 
we set 

Q = { pak; p e uj,a e Ac, k G K}, 

we have the equality H(A)^ = 'H.{k)Q, and thus, for each measurable function 
on H(/c)\H(A)^ with valued > 0, the integral 

0(x) dx 



'H(fc)\H(A)i 

is convergent if and only if the integral 



(x) dx 



is such so. Fix such K,a;,c. Then the integral is convergent if there exists 
C > such that for each p E u, k E K., 



ZeSell(fc) 



\4>{{pak)-Z) \Sp{a)-^ da < C, 



where 6p is the usual module. There exists a compact set Q C H(A)^ such 
that for all p G OJ, a G A^ G K, a~^pak G VL. Then there exists 0' G iS(s(A)) 
such that for all Z G s(A) and /i G ^2, we have |0(/i ■ Z)\ < (j)\Z). It suffices 
to consider 0' of the form 0' = 0'^^ ® 0^, where (f)'^ G iS(s(Aoo)), 0f G iS(s(Af)) 
both with > valued, and suffices to consider the integral 



/ 0'(a ■ Z)5p{a) ^ da. 

J Ac v^. 



zesciiik) 
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Choose an Ofc-lattice L in s{k) such that s{k) fl Supp(0f) C L. Denote 
Leii = L nScii(A;). Since 0f(a ■ Z) = 4>f{Z), it suffices to consider the integral 



If G ky and v is an infinite place of k, write \xy\ for the usual absolute 
value of Xy. For every x = (xy) G Aqo, put |x| = max^|x^|. For X = 
(xij) G 0[n(Aoo), put \X\ = maxij\xij\. For Z = {X,Y) G s(Aoo), write 
\Z\ = max{|X|, \ Y\}. Then the following lemma implies the theorem. 

Lemma 8.3. Assume that n > 2. There is a positive valued polynomial 
function P on the real vector space 5{A^), which depends on L and c, such 
that 



for all a = diag(ai, a„, bi, ...,bn) G Ac and all Z G Ldi- 

Proof. Take a positive valued polynomial function Pi on s(Aoo) such that 



Take a positive number cl such that 

{X, Y) E L, d is a nonzero entry of XY or YX =^ \d\ > c^. 

Let a = (ai, a2, ■ ■ ■ , a„, 61, 62, ■ ■ ■ , K) in A^ and let Z = {X, Y) = ((xjj), {yij)) 
in Lcii. Write {uij) for XY. Fix io = 1,2, ■ ■ ■ ,n — 1. Since XY is not con- 
tained in a proper parabolic subalgebra of 0t„(A;), there are i > io + I and 
j < "^0 such that 





Pi{X, Y) > max{|XF|, \YX\}, forall(X, Y) G 5{A^). 



Uij ^ 0. 



Then 



Uij\ > Cl, 



and we have 



Pi (a ■ Z) > \aiUijaj \ > CLaia^ > clc' 
> CLc''-'^ai^ai^\^. 



This implies that 




1 



n-l 
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and 

Similarly, 
and 



Pi(a-Z)>c^c"-X&ii, 



n-l 
2 



For all i, j = 1,2, ■ ■ ■ ,n, we have 



\a ■ Z\ > ai\aij\bj ^. 



Therefore, 



Similarly, 



<c-(--) ^-^J~'p,ia.Zr-^\a.Z\. 
|6,,|<c-(--) (^-^y 'p,ia.Zr-^\a-Z\. 



By timing and on both sides of the above inequality, we get the 
lemma. □ 

(2) The convergence of the second integral (for 0' G S'{s{A))) can be 
deduced easily from Lemma 10.8 of [Wa3], since the twisted conjugation by 
Ac is the usual conjugation. □ 

By the above theorem, we define a distribution f on 5(A) by 
P{<f>) = [ <f^(^Xh) dh, G 5(5(A)), 

JH{fc)\H(A)i 

and define a distribution / on s'(A) by 

JH'(fc)\H'(A)i 

If = 0' = 4>v^ it is routine to see that 

I\<P)= E riHx)l[^.{X)I\X,<p,), 

Xe[s,n(fc)] 
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1(0') = E ^(Hy)n^(^'<^^)' 

^e[s^ii(fc)] 

where r(Hx) = vol(Hx(A;)\Hx(A)i), r(HV) = vol(H^(A;)\H'y(A)i), and 
[Seii(/c)] denotes the H(A;)-orbits of 5cii{k) and similarly for [s(,ii(/i;)]. Note 
that if X e 5,.s{k), Y G s'j.^{k) such that X -^Y, we have 

r(H^) = r(H'^) 

since Hy is an inner form of Hx- 

8.2 Proof of Theorem 8.1 

Now, we fix /' G C~(s'(F)) and / G C^{s{F)) which is a transfer of /', and 
fix Xq G Srs(-F), ^0 £ -5rs(-^) such that X -H- y. Next, we list the choices what 
we make on the global data. 

Fields We choose a number field k and a quadratic field extension k' of k 
so that: 

1. /c is totally imaginary, and there are symmetric pairs (G, H) and (G', H') 
defined over k with respect to k'; 

2. there exists a finite place w of k such that fc^, ~ F, /c^ — -E; 

3. there exists another finite place u of k such that u is inert in k'. 

From now on, we identify k^j with F and k'^ with E'. Hence Xq G Srs(A;«,) 
and Iq £ Srs(^ii))- Denote by A the adele ring of k. We fix a continuous 
character on A/A; such that the original fixed character of F is the local 
component of ip a.t w. 

Places Denote by V (resp. V^o, Vf) the set of all (resp. archimedean, non- 
archimedean) places of k. Fix two Ofc-lattices: L = gln{Ok) ®Qln{Ok) C 5{k) 
and L' = gln{Ok') C 5'{k). For each f G Vf, denote L^, = L (^o^ Ok,v,'^'v = 
L' C^Ofc C'fc,?)- We fix a finite set S* C such that: 

1. S contains u,w and Voo', 

2. for each v ^ V — S, everything is unramified, i.e. G and G' are un- 
ramified over k^, L„ and are self-dual with respect to ipv and ( , ). 
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Orbits For each w e Vf, we choose an open compact set fly C s'(A;„) such 
that: 

1. a V = w, we require that: Yq G fiu, C sJ,s(A;^), I{-,f') is constant on 
Qw, and «(■)/''(■,/) is constant and hence equal to k{Xq)I^{Xq, f) on 
the set of X G Sj-sik^) which matches an element Y in 

2. if w = M, we require fl^ C SgQ(/c„); 

3. if f G S' but V 7^ w, M, choose fly to be any open compact set; 

4. if G Vf - S, let fi^ = L^. 

Then by the strong approximation theorem, there exists Y^ G 3'{k) such 
that F° G riD^^)- Furthermore, by the condition (2), F° G 5eii(^)- Take an 
element X° G Scii(A:) such that X° ^ F°. 

Functions For each v E V, we choose functions (py G S{5{ky)) and 0^ G 
iS(s'(A;t,)) in the following way: 

1. if V = w, let 4>v = f and 0^ = /'; 

2. if f G S* — Voo — {w^}, by Theorem 7.6, we can require that: 

• if G Supp(</)t,), there exists Yy G Cyoiky) such that Xy <H- y„, 
where we denote by Cyo the Cartan subspace in s' containing Y^; 
if Yy G Supp(0^), there exists G Cy|j(/c„) such that Yy and 1^' 
are H'(A;^,)-conjugate; 

• is a transfer of 0^; 

. r'(XO,0,) = c„J(yo,0;), where Cy = 'y4h{kv)h4h'{ky))~'; 

3. for f G - S, set 0^, = 0^ = then 0^, = 0^, 0^ = <£, and by 
Lemma 5.9 we have 

«:(x°)r'(x°,0,) = «:(x°)/^(x°,0„) = /(r°,0;) = /(y°,0;); 

4. for V G KxD, identifying (H(/c^),s(/c^)) with (H' (ky) , s' (ky)) , we can 
choose (f)y = 0^ G iS(s(/c^)) such that: 

. /nxO,0,) = /(FO,0;)^O; 

• if X G s{k) is H(A;i,)-conjugate to an element in the support of 0^ 
at each place v E V, then X is H(A;)-conjugate to X°; 
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• if y G s'{k) is H'(A;^)-conjugate to an element in the support of 
(f)'^ at each place v E V, then Y is H'(A;)-conjugate to Y^. 

This is possible, by considering the map s/H — )■ where is the 
affine space over k determined by = SpecO(s)^. We refer the 
readers to [Wa3, Lemme 10.7] for the proof in the endoscopic case, 
while the similar method is valid here. 



Final proof According to the conditions on 0„ (resp. 0^), we know that 
if X e s{k) (resp. Y G s'{k)) such that X G Supp(0)*^(^) (resp. Y G 
Supp((/)')^ ^^^), then X G Seii(/c) (resp. Y G s'^ii{k)). By the conditions on 
(py at each place v, we know that, if X G Seii(/c) such that I{X,(f)y) ^ for 
each V eV , there exists F„ G Si^Jyky) such that X -f-)- at each place v E V 
and hence there exists Y G s^ii(A;) such that X ^ y by [AC, Lemma 1.2]. 
Therefore we have 



since (j)y is a transfer of at each place G ^ by the requirement. 

On the other hand, according to the conditions on cpy and 0^, we know 
that if X G s{k) (resp. Y G s'{k)) such that X G Supp(0)"(^) (resp. Y G 
Supp(0')^'^^^), X is H(A;)-conjugate to X° (resp. Y is H'(/i;)-conjugate to 

By Poisson summation formula, we have 



Set G S{s{A)) and 0' G 5(s'(A)) to be: 



= J(0'), 



V/i G H(A), 



xes(fc) 



xes(fc) 



and 



V/i G H'(A). 



y6s'(fc) y6s'(fc) 



Therefore, by the conditions on and 0', we have 



Pi^) = F(0), J(0') = J(0'). 



Hence we have 



/''(0) = J(0'), 
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which amounts to say, 

For V E V — S OT V E Voo, we have 

«:,(XO)J''(XO,0,)=J(FO,0;)^O. 
Denote 5" = 5 — \4o ^ {^}- Then for v G 5" we have 

Therefore 

«:^(X°)r'(X°,/) = cJ(n/'), 

where 

veS' v£S' 

Since 

«:^(Xo)r'(Xo, /) = /), 1(^0, /') = f ), 

we complete the proof of the theorem. 
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